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1. Cauchy-Euler/ Equid-imensional Equation
This is a case of second order non-constant coefficient partial differential equation. The from of PDE is
Ly=x>-y' +ax-y +By=0

where a, 8 € R. The guessed solution is

By substitution we have
Lyx)=r(r—1z"+ar-z" +p2" = [r? + (a—1)r+ plz" =0

Since z" can not be zero (we don not want a trivial solution), so now we get the characteristic equation
24+ (a—1)r+8

A more general representation can be this: The Equation is Ly = A\x? - 4" 4+ ax -y’ + By = 0 which is
more general than previous one. Then with the same approach (assume the solution is y = 2") we find
the characteristic equation is

M2 4 (a— Nr + 6

where A is simply 1 in the simplest form.

Then we apply the same logic as in ODE analysis, the general solution should be the linear conbination
of all possible solution. Also, because the char. eq is quadratic, we can discuss it under three cases
depending on discriminant A, which is

—(a—1)+t+/(a—1)2—4p

A= 5

e A > 0: Two distinct real roots, then
yg(x) = Cra™ + Coz™™

e A < 0: Two complex roots. Then similar to the case in ODE, we want to apply the Euler’s Equation
to represent the solution in terms of trig. functions. So

yg(x) = Cra"™ 4+ Cha™ = CLa T 4 Oyt

where A = —(a—1)/2 and p = /48 — (o — 1)2. Then

=C - ()\—&-,uz)lnm + Oy - )\ pi)lnz

e/\lnw (Cleu Inz-i + C2e—u1n a:-i)
applying the Euler’s Equation we have

=2*[(Cy + Cs) cos(ulnz) +i - (Cy — Co)sin(plnz)]

we focus only on the real part (by thinking of C; + Cy and C; — Cy can be complex and multiply by
i can produce a real coefficient). So the general solution is

yg(z) = 27 [A1 cos(pIn x) + Ay sin(pInz)]

Notice is < 0, then replace all z by |z| (because of In).
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e A = 0: Two equal real roots. So we want to find a another solution which is linear independent to
y1(x) = 2. The way we find the second solution is based on the property of linear operator which

is
0 0
L E(@/) ~ o L(y)

T

So the logic is: we start with the RHS £ by plugging into y(z) = z
the derivative of it and set the LHS equals to it. The process is

(r is general here), then take

Ly(x,r)=Lx" =[r?+ (a —1)r + Bla"

_ O[_12 (01—1)2—45 r
= [(r+ 5 )? — I |z

where we construct such a square form where the second part in the bracket equals 0 since A = 0.
Then

=(r—r)a" = (r —r)e" e

Then we have o
Eﬁ(y(m7r))|r:n =2(r—r)z" 4 (r —r)*Inze” ™" =0

then 5
a*y(r,w)‘ _ o =z""lnz — L(z" Ilnz) =0
r r=ry
which means the partial derivative regards to r of y(r,z) is also a solution to the PDE. Thus the

general solution is

yg(x) = Ciz™ 4+ Cox™ Inz

The way to check two solution is linearly independent or not is using the Wronskian made up later.

2. Series solution of ODES

Similar to Taylor expansion, we can use a power series to approximate the solution of the Variable
coefficient linear ODE’s. The approximation is using

flz) = Z an(x — x0)"
n=0

where a,, s € R. Since the sum is infinite until n — oo, so it is exactly equals, or we can use some finite
terms to do the approximation. xg is the center we chose to do the expansion.

Recall the Ratio test, which is used to test whether the series is absolutely convergent or not

Any1 (2 — m0)" L
an(z — )"

an+1
Qn

lim
n— oo

= |:E — :c0| lim
n—oo

if this ratio is less than one, then the series convergent absolutely (convergent but not absolutely if
Api1/an < 1, R3S ) . If further, we know the series absolutely converges for |z — xg| < p, then we
say the radius of convergence is p.

(a) Taylor series

Now we assume the function f(x) that we want to approximate is continuous and has all higher
order derivatives fof |z — 29| < p (within the convergence radius), then by using a power series
approximation we can write

F@) = anle —a0)"!
n=1
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oo

(@)= nln— Day (@ — o)™

oo

O Z (n—1)(n = 2)an(x — zo)" >

then we find
f(xo) = a1, f"(x0) =2as, [P (o) =3las

and in general, we have

F™ (xo)

f(")(xo) =n!a, = a, = ol

finally we have
SPARIC .
=32 T )

the Taylor series of f(z) at the point xo. We say f(x) is analytic at © = x¢ if the radius of convergence
of the Taylor series of f(z) is p > 0.

Notice: We want to expand/approximate the function at a point which is convergent, since if
it is not convergent, the sum of series will be infinite, then we can not use it to approximate
the function.

Series Solution of ODES

Instead of Taylor expansion, we usually use the Maclaurin expansion, which is the Taylor expansion
at xo = 0. It is useful since in many cases, the radius of convergence is co, which means the series is
convergent everywhere and using zo = 0 is usually easy to compute.

The basic idea here is this. Given a ODE, we first guess a solution in form of power series (e.g
f(z) = apz™), then using the ODE to find all the coefficient of the power series which is equivalent
to some solution.

EXAMPLE1. Solve the ODE 3’ = 2y by power series.
SOLUTION. Assume the solution y = > ; a,z™. Then

/(LE) = Z n-a,r""
n=1
plug in to he ODE we have
S 23" 0t -

Notice the index are different. One starts from 1 and the other from 0. No matter in with summation,
all a;’s explicitly refer to the same coefficient, since they are all generated from the basic solution we
assumed above. So we shift the index. This make both sum start form 0. Let m = n — 1, then

Zn an —QZan —i(m—l—l)-amﬂxm—Qi amx™
n=0 m=0 m=0

(o]
ST a™[(m+ Damer =2 a] =0
m=0

Page 3



MATH 316 PDE a4 7 42 ©Shihao Tong All Right Resvered

appealing to the property of linearly independent, each of all the coefficient must be zero to make the
sum be zero (since all z;’s are linearly independent). So
271

Ay = ap = —ag
m+1 ™ R

Am+1 =

this is a recurrence relation (may be prove more rigorous by induction). Plug these coefficient into
our assumed solution we have

o0 o0 oo
= E And = E — Qo T = E apg = ape€
n! n!
n=0 n=0 n=0

Then, in order to show this is a valid solution, we have to do the ratio test to check the radius of
convergence, which is

lim

n—oo

‘an+1$n+1| IERT (2x>"+1n!a0 ’ _ ’ —0<1

=1 — | =
Az nt00 ’ (2z)™(n + 1)lag o0 ‘n +1

thus converges everywhere (center at xg = 0 with radius of convergence = c0).t

Notice: A trick here sometimes can be this: the power of x in each summation may not match
even after shifting of index. In order to find a recursion relation in the similar way as previous,
one way to do is take the first term (which is always constant) out of the summation such that
the remaining terms will match.

3. The Airy Equation

Ly=vy' —2zy=0

Solution: The solution can be find via series solution. We assume the solution exists and in a form of
power series which is y(z) = Y7~ ;. Then as regular compute the first & second derivative and plug into

the ODE, we get
L'y—Zan nin — Dz Zan

We have to shift the index to match the power (Notice: we usually shift the one with lower power to the

higher one). 2"*! is our target. Thus let m + 1 = n — 2, the summation becomes
o0
= Z ams(m + 3)(m + 2)z™ ! Za ™
m=—1

Both series should start from the same index, so take out the first term inside the first summation, which
leads to

=2-0a22° + Y [amys(m + 3)(m +2) — ap]z™
m=0
Since all 2%’s are linearly independent (including 2°), all coefficient have to be zero, which is
A

=0, & apn 3)(M +2) — Gy =0 s = —
as =0, & amyz(m+3)(m+2)—a = ama3 CEBICES)

the recursion soliton does not have a very particular pattern however we can finally find the coefficients
are all able to be expressed in terms of a; and ag. The general solution looks like

a3 x° x? x’

y(m) (-‘rg"—m“r )+Cl1(.1‘+ +@+ )
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finally check the radius of converges we get

‘ am+3xm+3

Ay, ™

lim

n—0o0

question: with m+3/m not m+1/m? Answer: want the ratio between two consecutive term in the
summation of serie

Example:(C-E Equation) Solve (x —1)y” 4+ 3y’ = 0.

This is exactly a C-E Equation with 8 = 0 if we multiply (x — 1) on both side (the ODE becomes equal
dimensional). Since the first term is (z — 1) - 4, so we can guess the solution is in form of

yn(z) = (z = 1)

then consequently we have

substitute into the ODE we have
[rr—=D+7rj(z-1)"=0 = r(r—1)+r=0 = r12=0
by our discussion for C-E equation, the general solution is
yp(z) = C1 + Coln|z — 1]

Now use the power series to find the solution ( a nice example for shifting index ). As what we do regu-
larly, guess solution as a power series y(z) = ZZO:() anx™. Then take derivatives and plug in we get

oo o o
— Z apn(n —1)z" "2 + Z ann(n —1)z" 1 + Z anpnz”
n=2 n=2 n=1

We first shift the index to match the power. As we suggested to shift the lower to higher (n —2 to n—1).
Let m — 2 =n—1, then

oo
=— Z Amg1(m + Dma™ ! 4 Z amm(m — Daz™ 1 4 Z ma™ 1
m=1

Then each of the summation should start from the same index. So take out the first term from the first
and third summation and fortunately they are constant. Then we get

(a1 — 2a9) + Z amm? — amr1(m + 1)m]
m=2

since linearly independent, we have

m

a1 = 2az, & Qmy1 = A - p——

by induction (if formally), the general solution for coefficient is

ai
ap = —
n
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notice, the ODE after plugging in the derivatives does not include information about ag, so it means ag

can be arbitrary. So the solution become

oo n

T
T)=a a — =ap—an|l—=x
y(x) 0+ 1n§=1 " 0 11n| \

why last equality. Check the radius of convergence we find

xn+1n
lim |—
n—oo |x™(n + 1)

‘:|x|<1 = —-l<az<l1

so the radius of convergence is 1 and the series converges on z € (—1,1) (expanded around 0).

LX) F R —AF A, BP A B ratio test BRI A F 1209585 5L 1 Fo-1, B HFALIR =1
2R E, A% fmao=-—1Mké, Hibr=-1042,

AIPEMNZ KA v +0=12EFAFH& ODE 9. XXAMFE ap, = 0. FIALE 1 L REIFFAFE]
ODE #9f&., &AM o = 1 A singular point, #HHEZE xo # —1 A an ordinary point, %
o A power series solution is possible for all ordinary points, but not for all singular points.

e The radius of convergence of the poser series solution is at least as large las the distance from xq to
the nearest singular point.

singular point #£ 4§ ODE ¥, f&fe P(xz) =0 8.5, ordinary point £ 38 /£ & B & T 7T VAFF 3] 63269 g
B P(z) =0 8.5, [2RABMELE singular point ZALER 1T 3] &2 09 %

4. Series solutions of 2nd order Variable-coefficient linear ODEs

We are going to solve the 2nd ODE in form like
P(z) + Q(x)y' + R(z)y = 0
and transform it into
v +p(@)y +q(z) =0
where where divide each coefficient by P(x). Then

o If p(x) and g(x) are both analytical at xg, then x is an ordinary point for the solution of ODE (i.e
both function can be expanded at zy and has all valid higher order derivatives). This means the
solution of the ODE is in form of

y(x) = 3 an(x — 20)" = agps (2) + ary(x)

which is the linear combination of two solution (y; 5 yo &/ %).
« If p(x) and ¢(z) are not analytical (i.e P(xo) = 0), then z is an singular point, which means no valid
series solution at zg.

Also appealing to previous discussion, if zg is ordinary, the radius of convergence is at least as large
as the distance form zg to the nearest singular point.

Singular point can be classified into tow categories: regular singular point & irreqular singular point. For
regular singular point, the solution can be found by using Forbenius series, while the irregular one is
beyond this course.
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Definition 1. (Regular Singular Points) Assume the ODE is same as what we defined at the very
beginning. Then z is regular singular point if

Q(z) R(z)

lim (x —z¢)= o0, & lim (z —z0)%= 00
xq is irregular if either or both of the limit is infinite.
We transform the equation at the beginning to be
2,1 Q(:L') 2 R(CU) 2
T—2x + = T —x9)" + = zT—29)" =0
( 0)°Y P(m)( 0) P(x)( 0)

= (. —20)*y" +p(x)(z — z0)y' +q(z)y =0

where p(z) and ¢(z) are the part we check to determine the singularity.

5. Frobenius series solution near regular singular point

Definition 2. Let z is a regular singular point of the ODE P(z) 4+ Q(x)y’ + R(x)y = 0, then the
Frobenius series solution is in form of

o0

y(z) = (x — xo)" Z an(x — 20)"

n=0

In order to find the solution we need to @ Find the value for r @ Find the recurrence relation of n @
Find the radius of convergence of )" Y 07 an(x — zo)"*"

6. Bessel’s Equation: PDE application

The Bessel’s equation is in form

Ly =" +ay + (@ —v*)y =0

where v is the order of the Bessel function which is not an integer. It is easy to check x = 0 is a
regular singular point. We have tow methods to deal with such case: one by approximation and one by
Frobenius series. Approximation make up laterSo use y = > 7 a,z™*" (Frobenius seies). After plugging

in the derivatives we get 4 cases: @ r=wv0=1/2 @ r=uv0=-1/2, @ r=—v,0=1/2, @
r=wv,v =1/2. For case two and three, a; is arbitrary.

o Casel: r =+v and v # £+1/2

For » = v we can find the recurrence relation and then the solution

_ . oo (71)mx2m )
(@) = aox mz::() m! 227 (1 +v)(2 + v)...(m + v) & zlolgloyl(x)_)o

For r = —v we can find the recurrence relation is

> -1 mem )
ya(x) = apzr™" Z m!22m(1 —( v)22 —)...(m —v) & zl(}glow(x) e

m=0
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o Case2: v = 0 The indicial equation has double root: r1 = ro = 0 (indicial equation is the corre-
sponding Cauch Euler equation of the ODE, the cases of root of the indicial equation determine the
form of the general solution of the ODE). The solution in this case is

@ =at 3 CTT

Jo(x) is known as the Bessel function of the first kind of order zero. The solution can also be found
by plugging v = 0 into the solution in case 1. Then we need to find a second solution. We can assume

it to be
. & (=Dmaga?m
y(x,r) =z mZ:O 22m<m!)2

where we treat r as a variable and using the Frobenius solution. So

dy(x,r)
or

_ = In@) o) o i)

r=0

22
Yo(z) = In(x)Jo(z) + (Z +...)

this is called the Bessel function of the second kind of order zero. So the general solution is
y = c1do(x) + c2Yo(x)

Notice: Yy has a logarithmic singularity at « = 0. If the solution is finite at x = 0, then c¢o should
be zero which means Y, have to be discarded. There is a summary of
Forbinus series solution mast make up

7. Partial Differential Equation

Classification of PDEs: 1st order liner, 1st order nonliner; 2nd order linear, second order non linear. Let
u(zx,y),the expression of 1st order linear PDE is like

a(z,y)us + b(z,y)uy = c(z,y)

the first order nonlinear is
a(z,y, u)ug + b(z,y, u)u, = c(z,y)

similar for 2nd order. The nonlinear means the coefficient serves as a function of variables including
which is the dependent variable.
All kind of PDEs (up to second order) can be transformed as a quadric surface with a quadratic expression.
Let it to be

AX?+BXY +CY?>+ DX +EY =k

the power can be thought analogy to the order of derivatives in the PDE. Then depends on the A =
B? — 4AC, the PDE hence have the classification as the chart below

‘ A ‘ Type ‘ Quadric PDE ‘ PDE Nature
A =0 | Parabolic X2=T Up = Up® Heat or Diffusion equation
A>0 Elliptic X2+ Y2 =k | upe + uyy = f | Laplace or Possion’s Equaiton
A <0 | Hyperbolic | T2 = C?X2 | uy = C? - uyy Wave equation
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(a) Conservative law PDE

Let u(x,t) and g(x,t) where z is position and ¢ is time, so the function u and ¢ are time dependent.
The equation is inspired by the problem that what is the change of # of sth over time At? w is the
density of sth and ¢ is the flux of sth (or simply number). The equation is inform of

U+ gz =0

Then we have to know the relationship between ¢ and u to solve the equation either intended for u
or q. Let ¢ = cu where c¢ is a constant. Then

us + cuy, =0

by guessing we find that any function f with functional form f(x — ct) is a solution to he PDEs. So

u(z,t) = f(x — ct) solves up + cuy =0

For example a solution can be u(z,t) = e(@=ct) If ¢ = cu — Dug, then plug into the equation we

get
U + cuy = Dy,

ezkz—i—at

To solve this we still assuming u(zx,t) = . Then plugin we solve o and the solution becomes

ik(z—ct) . ,—k®D

u(z,t) =e e t solves uy + cuy = Dugy

Where e?*(#=<t) is caused by right moving wave, and ek’ Dt ig the decay in time due to diffusion. For

the first case above, it can be interpreted as a man move with a wave like

ct z’

\
,,,,,,,, -~ N _ o

o z o’ z’
VAR AR wave #35), B¥ HALH A A4 TR E FoABxE T wave: wave FEBF A 3h cf, A
it T wave BFHAIIEE A x, FTARI T flo—ct) 9F LN RAA T H@HFERELEHS, @ u(z,t)
RABE T Bk S YR,

For second case, it is called a convection-diffusion equation. It depict a case that the wave not only
moves to the right, it also diffuses along the way.

(b) Second order wave function

The expression in a operator form is

0 a.,0 9]
—t+c—)(= —c=— ,t) =10
G o) o ~ o)
this PDE depict a wave that is moving to both right and left side. Then opening the above equation
we get
Pu 0%

o2~ o2
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more?

Heat /Diffusion Equation

Consider the heat conduction in a length Az conducting bar. Some notations we use here is u(z, t)
is the temperature at location = , time ¢; g(z,t) is the heat energy flux, defined to be heat energy
per unit area; C is the constant indicting the heat capacity, defined as the amount of energy needed
to increase the temperature of 1 kilogram of the material by 1 kelvin degree; p is the density of the
material and A is the cross sectional area the bar.

By the conservative law, which says the change must equal to the difference of flux in and out, we
know that the increase in thermal energy of the bar with length Ax = the thermal energy in - thermal
energy out. Then the equation becomes

Clu(z,t + At) —u(z,t)] - pAz - A = [q(z,t) — q(x + Ax,t)] - AAL
divided by AAtAx and let A — 0
,OC “ug+ g, =0
which is the conservative PDE for energy. Then we want to find a constitutive relation between u
and ¢g. This can be achieved by using several physical theorems.
i. Fourier’s Law

This depict the truth that heat always flow from high temperature to low temperature. The
guessed solution is in form

Ju
= k - —_
¢ ox
where k is the thermal conductive §# 4. This gives solution
=
t pC TT

common to call k/pC' the diffusion coefficient.
ii. Fick’s Law
The heat flows form the place of high concentration of energy to place of low concentration of
energy. The valid guess here should be
g =—a*(pC - u),
where « is the diffusion coefficient. Plug into the PDE, the solution become
wp = gy

Actually the general form of heat equation is

ou

prie a(Upg + Uyy + Usz)

where ¢ is time and (z,y, z) is the coordinate. Important application in fin. math BS model.
There is actually another way to generate the heat equation by random walk, in Lecture note 7,
Peirces.

Solving for the hear equation
A. Method of Finite Difference

This is by doing the forward difference in time (first order accuarcy) and central difference in
space (2nd order accuracy). This will finally produce a scheme in terms of time and position.
Then integrate the BC and IC into the equation and using Matlab we can find the approxi-
mation of the answer by setting the appropriate At and Az (in this case is At < Az?/2a2,
ensuring the stability of the solution).
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B. Separation of Variables
Let first assume the initial conditions to be the
BC :u(0,t) =0,u(L,t) =0
IC : u(x,0) = f(x)
The method of S.V is simply assume the solution is in form of
u(z,t) = X () - T(t)
then )
X"z) _T() _
X(z) T()
The two ratios must equals to a constant, since one is a fun. of position and the other one is

fun. of t, it is not possible for them having the same expression. Then sloving for T'(¢) and
X (z), where

T(t)=e "D
and for X (z) we use the method form 215, get
X (x) = Asin(A\x) + Beox(A\x)
Then apply the BC, notice that we want a non-trvial solution. Then general solution is in form

up(z,t) = sin(n%m) e~ ()P’

Since the linear combinations are also solutions, so the most general solution is
= nm 2 2
u(z,t) = an sin(fx) ce () et
n=1
What’s more, the time initial condition should be considered here. It generates
> nm
f(z) = Z b, sin(fx)
n=1
here we need the Fourier Sine Series to solving for the coefficient.

(d) Wave equation
Can be generated by the motion of a elastic bar. Let u(x,t) be the displacement and o(z,t) be the
normal stress. The equation is in form of
do
ox
which is called the balance of linear momentem. Then apply the conservative law to connect u and

0. The relation is built by Hooke’s Law. What the law depict is the relationship between stress and
strain (the relative displacement). Let € to be

= P Ut

E=u,
and the guessed valid solution to be
o= Euy,
plug into the momentum balance we get
Uty = 02 * Uz

where C = &/p. This is a 2nd order 1D wave equation, which is exactly the same as what we
generated at the very beginning in a manner of operator. Details need to be made up
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(e) Laplace Equation
BBl E— B P A — B, RANEZ%AIRAPBE. TR nex flux LAE T
K, A7 #f PDE %
Uy +vy =0
where we define u(x,y) and v(z,y) as x component and y component of velocity. Then use Darcy’s
Law to build the constitutive relation. The relation is stated as

oh oh

u =

where K is the Hydraulic Conductivity and h is the Hydraulic head unit is m /M ? The law states
that the flow direction is from place with high hydraulic head to low hydraulic head. Substitute into
the PDE we get the Laplace equation

hez + hyy =0

Make up

8. 5 types of different eigenvalue problem for Heat Equation

For the following type of problems we are still trying to find the solution of u; = a?uy,, © € [0, L] but
with different boundary conditions. Everything are the same until the discussion of cases of .

(a) Dirichlet Problem: u(0,t) = u(L,t) =0

For Dirichlet problem, there is no valid eigenvalues for A > 0 or A = 0. So the solution is determined
by A < 0. The solution is in form of

X(z) = Asin(VAz) + B cos(VAz)

then integrate with the boundary conditions we find B = 0 and in order to find a nontrivial solution,

A can’t be zero and -

so the solution becomes o , )
un(z,t) = Ay sin(f) cem e T

and the general solution is

u(e.t) =3 Aysin( ") om0t CE )
n=1

then given the initial condition ¢ = 0 we have
o) = ) = 3 Ansinl )

Appealing to the property of inner product which is defined on £2(—L, L) here and the orthogonality
of sin function, we get

oo
mm mm

(f(@),sin("F)) = D~ ( Ay sin(F),sin(7)

n=1
/Lf( ysin(ZT)d —fj/LA (") sin("T )z = A, L
z)sin T :r—nil » SN T sin T r=A,,

—L

by orthogonality of sin

and finally
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(b) Neuman Problem: u,(0,t) = u,(L,t) =0

In this case, for A = 0 we have a constant eigenvalue (still traival solution for A > 0). For A < 0, we

repeat the same procedure as in Dir.le. problem we get
Up(z,t) = %" 1, u,(z,t) = COS(T) e (UER)%

where the first one is for A = 0 and other one is for A < 0. So the general solution is

nmwx

_A2(nmz)\2
7)ea(L)t

u(x,t) = Ag + Z A, cos(

n=1

this time we use the othogonality of cosine trig. function, since if we use sin, the inner product of cos
and sin is always zero (odd times even is odd). We first take inner product with 1 on both side (or
the eigenfunction) solving for Ay

L L L nwT
/ flz)dz = / Agdz + ZAn/ cos(—~)dx = 24, L
-L —L

L
| —
=0

The underbraced integral is 0, this can be achieved by either solving for the integral or: the new
period of the cos function is 27 /nw - L = 2L/n, the integral is from —L to L and thus is n times the
period so must zero. So we solve for Ay which is

1 L
A= / Sy

Then by orthogonality of cosine function we get

1 L
A, = Z/7L f(x)cos(?)dx

In summary we have

1 [t I m
Ay = E/—L f(z)dz, A, = Z/—L f(m)cos(%)dm

FERFEHE, H—AFHRGREZET Neuman Boundary 94 &, 8 TH —ANFHOFEME, B
hEjeth i EREE,

Periodic Boundary: u(—L,t) = u(L,t) & u,(—L,t) = uz(L,t)

This type of problem origins from dealing with a temperature distribution on a thing circular ring,
with on temperature dependence on radius. 7| N3 wi& % %4 %, This type of boundary condition
gives us a full Fourier series. 7 VAXHI#E, AT, BT periodic B.C 894/, EiZ
FoRTE RBARREER, BIHEMRRA T A9 —34. For A > 0 there is only trivial solution; for
A = 0, there is a constant solution, and for A < 0 we have the following approach. After integrating

with I.C we have
nmw
—

u(z,0) = flz) = Ao+ Y A, sin(%m) + B, cos( 7

n=1

)
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First inner product with 1, we get

then apply, in turn, the orthogonality of sin and cos we get

[ oy, 5.3 [ soyontE

o® () nm nm
A0+Z YA, cos( ) + By sin(—-x)]

so the solution is

Notice, as t — oo, u(x,t) — Ag. Also, if we want to use this full Fourier series to approximate a
function we need to do a periodic extension.

When we try to approximate a function by Fourier series we need a theorem to ensure that the series
that converges to exactly the point on function f(z).

Theorem 1. Let f be piecewise continuous function on [—L, L] and let f be periodic with with
period 2L. Then f has a Fourier series

> nw . N
flz) ~ Ag + Z A, cos(fx) + B, sm(fm)

n=1

where the coefficient is same as it in the periodic B.V.P . Then the Fourier series converges
to f(z) at all points at which f is continuous, and to 1/2[f(x™) + f(xz7)] at which f is
discontinuous. Proof needed?

Z4# A full Fourier series #984%, RATHF ZALAG0 F 205 269 2 LR A AL —A period (ie &
A, LTI —A period, WHZ A E T sin 72 cos P89 L, & L £ ¥/ period) HibieE
R AKEFEA R shift FHAFEALG0) period B BHEAR Y, 42 —HWE A EATZBHEH FIME
9,
(d) Mixed BVP type A: u,(0,t) =0=u(L,t)
Mixed means the derivative and non-derevaitve condition are combined together.
9. Gibbs Phenomenon

Overshoot and undershoot near the point of discontinuity. makeup

10. Fourier Transformation

(a) Complex Fourier series

First due to the Euler’s equation e = cos# + isinf, we have

P R
cos = —— = — +

mg=¢ —°¢ " _ ¢ .
sin 9 12-1—22

F e MR T R ARAT I, W ELAZARBNXTREHTABLKEGEFE. 1§ 2rt
BEEFHG X2 E I BEASH e 09 R4k F, AR LB A full furier series “F Bp T

= nm .o nm
flz) = Ao+ Z A, COS(TZ‘) + B, sm(fa:)

n=1
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— . A, —iB 0 An+iB
= A 0 Lom n —i0 L n b
o+ ngl e 5 +e 5
=Co+ Y e Cpte™.C,
n=1
The reason we call the later part C_,, is because
A, —1B A_,, —iB_, A, +1iB
Cn — n 2 n, C_n — 3 2 1 — 1 2 n
A_, = A, and B_,, = —B,, are from definition of the Fourier coefficient (the integral). Or we can
summary this as
flz) = Z Cye®
where .
A, —iB, 1 .
Cpn = % =37 /_L f(z)(cos %x —isin %m)

1 [t o
= — f(x)eszw
2L /,L

(b) Fourier Transform

make up after exam

11. Inhomogeneous Boundary Conditions
Taking the wave equation as an example, the general form of this type of question is

g = Pugy + f(,t)

with inhomogeneous B.C
u(0,t) = D1(t), u(L,t) = Da(t)

and also the I.C u(x,0) = g(x). The f(z,t) term is called a source or sink term, and when we say homo
and nonhomo, we referring to both the DE itself and its corresponding B.C..

(a) No sink/source term & time independent Inhomo B.C

The given conditions are
uw(0,t) = ug, u(L,t) =wuy, f(x,t)=0

The idea is to decomposing it into a steady-state problem and a homogeneous B.C problems which is

u(z,t) = w(z) + v(x,t)
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Index
1. Inner product space & Orthogonal functions

Extend the concept of vector space to function. Consider a vector sapce consisting of functions. To
construct this, we first define the so-called inner product space

Definition 3. (Inner product space) The vector space V with a well-defined mechanism (,) is called
the inner product space, if the (,) satisfies for and two vector u, v € V

e Linearity <au+bv,w>=a<u,w>-+b<u,w>
e Symmetric <u,v>=<v,u>
e Positive Definite Foranyu €V, <u,u>>0and <u,u>=0 < u=0
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