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1. Review and Fresh up

J= ML % MFHTIK, T =) )2 — s f

+ Regression 8§ AR #h A AF 1A (mean), 52 sh4E 3+ — /> population #9344 R
892 & A4 /1% population #§¥E - X T x M9 R%, BREEXNH
e lab P& simulation %88, B % % |49 correlation # 5, M I confidence interval

AL

We have already encountered with two methods to estimate the parameter of a model
which are the OLS and Maximum Likelihood. For OLS, the result we get for 5 is

B = arg Inﬁinz (y; — 2TB)? = (XTX) ' XTy

where arg refers to the value of g that minimize the summation.
2. Wit

MOE TR A EE R TFHA dataset 8948R BPRAL£EM, Ak dataset BARSHT, —A
TR AF2 MSE

1 n
MSE = — i — i)

- izl(y 9i)
MSE R & —AN#a E#r=a9Mt4, LT VAR AT training #= testing dataset, K424
F % K iE testing dataset #9 & FFFEAF, 3 F, KAVF 249 training set MSE << testing
set MSE, % 4, Training set MSE 4 degree of freedom #93§ Audy i (always the case),
71 Testing set MSE 242 8B /NEN K, 2 U FH . B XAN1/F2) 49 testing error 4F 7] )
B3R AT 5 AR
Machine learning ¥ 3f R 4 {2 & ¥ 3.8 lowest training MSE #J model — & 7 VA = &
lowest testing MSE,

B EAVA F 3484 very Small Training MSE and very Large Testing MSE #074%, &,
MARIZXARER Overfitted, BPitdis-, iX4E4E K 4+ JE less flexible model (/) B & B dof)
A8 MSE Y (X EZWMHAWMERGARLMEHER A G E, FFAKANHK, dof
MRKEPLABEME S, IHFHFALTRMNAORERIRBEERNG I RERE), MmE X,
#2 ture model fa AR AZAEMRE AT WA, B AR LR EFFREL L mAAIF
2 5% B K= 8 training data #4799 %, A FERE T ERT —SLRPHIREGLED
parttern, I MK LA MSE 457 k.

L £ 89 testing MSE ¥ 9 g & T ABA RA —H rv—RF AT iRk 2 LK T 15t
F a9 Lcheck, HARRWIGRLTERRG [, BRI KATT AT 2] 28

Ry = E[(yo — f(20))*] = Var(f(w0)) + Bias*(f(x0)) + Var(e)

XEH Var(f(z) 89RER, ELTH v &, SMXEGTLERT flo) BT,
B f (o) A9 EALERE B, B & 8 b EAER Var(f(v)) AKX,  Bias W@
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FRB WX ed )y, EX R R EA B Expected MSE, overall # Expected
MSE T A i B b X 2 X & 09 &S 8 B 2 093987 2], BP

Ave (B [(y; — f(2:))?)

for every z; € Test set, ML MEXTIF, ATHRAR > 0, B Fzpected Test MSE —
& > Var(e), B KT irreducible error # Var, *+F f(xo) ki, WTHE B &N
Jm, R Var 4= Bias —m —3, BHMLREL R, 0938 Rd B4 ey R E g, Hib
iX ¥ %7 Bias f= Var 89 trade-off, ANAFM: X &) 1ELMAE R, 4% minimized 89
ATHE T AR L,

K HFAAE N — 2 extreme Var & zero Bias, 4ed~ f Fid 4 E6H5—/ 5, B
XA Bias A H A K var (£ EHN%EBEAMKEN; —Rextreme Bias & no Var,
Jm BB AT L 4£ 89 training set KAV DS R G — LR F G EL, Pl o o8 R 095
s A T HK B — A7 k48 4F Var F= Bias A0,

B3, B AR A 3R B LR R A R, ALY, RMNBEER LT
AL f ALkt A Var = Bias, 12% trad-off 89 B8R E &,

3. Cross Validation X X #3%
R R AE, XAMEAAT, 1. £26EZNMNKEREAGEILTELTGF
F| 0y % % & AF 1T Testing Error (Rate), XA AN ¥ L ERFR 69848 E X 5 A
Wk EFMXERXE]; 2.0 TREREZ L AT test MSE S /AN942 B (dm % AKX = )2 F
degree /£ % KB} test MSE /)y, or the flexibility level corresponding to the minimum
MSE, )3. & B #2489 CV 14 R 2 variable selection process W 89 3 — /N k4474, K
5 AIC, adjR? %5t 7%).
(a) The Validation Set Approach
F R — H A A ML K 5/ sot: M A1 % 2. ML T4, o
MR 2 ) XA A R (i.e MSE for Numerical, Test error Rate for Qualitative ),
18R LA AR
o XA A B test MSE sF TR &, D% K45 A 40&, o Sl &k R ALH,
MSE #9 varibility &k, 4= F @A EH, ReEAH4AM, K4zt Z2FEX;

16 18 20 22 24 26 28
1 | 1 1
(

Mean Squared Error

Mean Squared Error
16 18 20 22 24 26 28
| | |

2 4 6 8 10 2 4 6 8 10

Degree of Polynomial Degree of Polynomial

o ML kR K4, £ data &% 0T E A RALF, SRAXNST ANESE,
NEERRAT Ry RFEMSAEA, B AR A R #EA dataset Y% 1
R 89%F, #tdcoverestimate Test error,
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(b)

HATHIII AT LOOCV ffk bk o8
Leave-One-Out Cross validation (LOOCV)

5 (a) #aEEM, XAREKANERAL T —AEAEA test set, AR (n—1)
AN EAE A training set, FATE X E—ANE x; 49 MSE A

MSE; = (y; — 9:)°

IR G AR N 89— AN 5 HR leave-out — ok, BPEEAT n k3t HE, RERn kA
#9344 LOOCV

1 n
=1

Y3 XAE A test MSE #9 estimate, #8HT (a) LOOCV F HmAHF A :

o LOOCYV is far less bias. LOOCV A TI%4ERGNKEFLZ2EET (n—1)
A CUFH AR ) THESE, FHRXERERLSME T overestimate test error, %
LT3, NEEPagHIEMA S, A unbias,

o LOOCYV generate no randomness due to the split of training and test set. & T
BMNCZERXTHANEEIL, LEELS VR, HHOERAL 4N,

%fF Polynomial #= least square regression, 1&#t test MSE A — A shortcut, &
CViny = l i (yz - ?J@)Q
n 4 1-—h

=1

XE h; & leverage € (1/n,1), MEAEE, LROF L HLERFETLE—H
B A 5F 3F B R 4 AR 09 7 ik AR g OLS —#F, B EFHFT 0 MmfF—Kk e
% RA—H, RAIHELR T E—H#,

ik 8§ CV A &KANIFRZ A ordinary Cross Validation statistics, 5 Z A8xt8g, &H
J~ LAY generalized Cross Validation Statistics (GCV), BP

1 < é? MSE
GOV = X A=y ~ T —dfop

where we define df = tr(H) which we call the effective degree of freedom, 7 B 3] 7]
VR HE—TF

K-fold Cross Validation

K-Fold 48 3 R Ao B EK T REAAF 69 k 28, RFH—ETF4E4E A nK L,
Ry (k1) BEANAEE, €4 k kT H, HXF3) MSE;, ®&%4EiT46 MSE
18

k
1
1=1

TAFE H& k= n B, kfold #7# LOOCV ZZ&—H#H 7%, 4L LOOCV,
k-fold #94F 4k ££ F computational efficiency,
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4o & % J& computational efficiency, AT VAE —TF k-fold £ k RE &, SH#
2 k-fold 5 LOOCV #9#4e b EEERN KA K-fold ¥t LOOCV # At # a9 4E it
T test error

e K-fold tt LOOCV #9 bias kK, 422 & ¥ 45422 89 bias, #Z 32 training set F

HIEA S Bias Ay, FHb K-fold 49 bias 7R 245 7] K

LOOCV #y var it K T K-Fold i 4% 2 k-fold #9422 & Z [a] #5948 & 1 &b
LOOCV Z.]v, H AKX training set A9 IEE S E Z /N, M ESHHIEN
mean #931E 69 Var 2k T XG9I {E6 Var, B LOOCV & Var i& kX
T K-fold, MAZEM: HAVEAE T Test MSE & A 69 ik 7r ik, £ — A4t
= (estimate f53HA ), RMN— B ZW LA RA A rv B9—NBAEL, AR 48
KRN Var K R Z ERBZT —NRBFELEZE, WTHLER, FTRMK
FEEMA, TAMEag n MEAEL—RIAGTERZA, 5D —MREFEEMNS
AR AEREARIEARIT, i RHME 89 £ FIR K,

4. Subset Selection of Predictors % ¥ & & #9i% £

(a) Best Subset Selection Method

Let M denote the null model containing no predictor.

Using adj R? (largest), or RSS (smallest) to select the best from all of the (?)
models, denote them by My, where k& € [1,p|, where p is the max num of
candidates of predictor, so we get p + 1 candidates in total.

Select the best from My, My, ..., M,, based on CV prediction error, C,(AIC), BIC
or adjR?.

% —F BT training set, BV T TR EWGH B for each subset; H =R 2 %

T test set, X FFF %+ computational efficient, % candidates 694k B #it 40,
W, Ao AL Tk ik AL HE

(b) Stepwise Selection 4% it #

i

Forward Selection

My ¥ & A AT predictor, —Rkm—ANRE, HAFELSZAEARKGAGRHR Y., B

R B T

o Start Sith M, assume now we have already k parameter in the model which
is now My, k € [0, p]. Consider the possible p — k models that could augment
the model to M. Chose the best based on Smallest RSS or Largest adjR?
base on training set.

+ Select form M, to M,, based on test set using CV error, C,(AIC), BIC or
adjR?.

1. =%, stepwise selection F+ R FRIEFFF] 8925 £ % Best subset P it 454 695 4F

BERL 2. BPfE K AEAK n<p, /R T VLA forward selection, 422 FZ ATk &

&P A & candidates p #EABER, % R4k n A (e Mo, My, ... M,1) B A

F— AR AR L @ 1T Least Square /1389, W LT 5 00 k5] —f#,
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ii. Backward Selection
5 forward —#%, 122 % A4 model X, FkiE R —ARAF 69 predictor £F
B AR KB, Bk search 14+ p(p+1)/2 AMER, FEAZR n>p B
B RAT fit AFEA,
(c) Hybrid Approach
AP B I8 forward = backward, EIBMEZHFE A, LEARLAHE
%, ARYE T computational efficiency H. 44 T Best subset selection #94F4E,
(d) Optimal #A #9i%#F
KRB AR FENRE—F, Bt test MSE

(e) Lab: Model Selection & Establish

5. Ridge Regression
5 OLS & F, Ridge regression il it minmize —/NARF 89 quantity kA& 54 B, Bp

n p 2 p p
> <y,- —50—2@-%) +AY BT =RSS+A> 5
j=1 =1

i=1 j+1

this is equvilent to
1 n
o Z(yz —z; ) s.t. 25]2 <s
i=1 j

where the second version is the minimization under constrain, and the first version is the
Lagrangian version. A > 0, "X tuning parameter, £ fit model ATE 1L #H < a9, H
JA k24 Fo 2 FG IR AL regression #9AEXT R vm, B ZIMALALAR A shrinkage penalty, %
A =0 B, ridge regression 5 OLS #8F], M1 &% A — oo A, shrinkage penalty LS+
BE — 0, X5 null model 4854+ B (i.e REAHEMMEE), 5 OLS RF, %wasidid
CV *&—A~ A 2l — AR (RRET @3S ). E&KAF A shrink intercept,
Bt EXERE R T fo, AHRMEI by BEEL fo=y=2 1, vi/n.

A ANELERBY || BE |2 / || B ll, H B354 R OLS # estimator, AL &
norm, FP5R.E 0 #9FEH, A%, )\ B, | Bf\% llo BV, Mm Heam v, LT 2
(0,1], null model #] OLS, 5 OLS R [ #-2, = jastT predictor 49 scale 3F % R,
He 8]t X;BF Bk T A, scale of the jth predictor and all other predictors. B /2 fit
model Z A& standardizing the predictors (training set P #9&A x 15 ) by

Fiy = i
L/ —
V1/ndo (e — 2;)?
denominator is the estimated s.d of jth predictor.consequently all of the standardised

predictors will have a s.d of one. & 2?2 B #WAA || BF |2/ || B |2 X (HdEiE—)
#.80 model % flexible ™ vAZEf# 5= )3 kb OLS #9184 %, 43t flexibility #.v, @

Page 5



STAT 406 Experiment Design and Analysis Shihao Tong All Right Resvered

Yo BEE 1 3L @ OLS 4, B A flexibility # k.,

W) )3 69 — AN A BP A training set #9342 n T predictors &= p, A= )IABR T
VAstATiE £ OLS R47. »w)a e OLS A high variance #9 B AE ISR A, H K,
#5181 )2 has substantial computational advantages over the best subset selection

One nice thing is the ridge regression has a closed form solution which is
BE = (XTX + A" XTy
6. The Lasso

Ridge Regression #]— Nk B2 Mk G ¥ T A 09 L 43| A | X KR 4xf predic-
tion accuracy # R E o, 12AE p IR KOG RAE ST AL R 6 AR M B

sEobwEagdt, HATA Lasso ®Y2, B min

n p 2 p P
Z(yi_ﬁ0_25j$ij> +>\Z|5j|:RSS+)\Z|/@j|
=1 =1

i=1 j+1

the constrained version is
1 n
=D (=) st.) 1B <s
i=1 j

J lasso penalty X% ridge penalty, Notice here the we use [; norm, which is || 8 ||;=
> |B;]. Lasso #7 I3 penalty & force —# 482K KA 0, HL best subset %
ML, lasso 4 #t 4T variable selection, Pt lasso = 4 89 A AR *F T ridge k# £ 5 5
interpret, % lasso #4C a942 A X ¢, 43 4 variable i, &K 114k lasso yields sparse model,
gy
7. Basis Functions

A G KA P A covariates BTG R x 89—k, LAHTaEHMHL, &M
F4% 4 basis function

K
Yi = Po+ Z Bibj(x:) + €
j=1

W a4 b, ( ) #RXT v #9FRE, ¥ EERBEA A standard linear model with predictor
bi(w;), AT @I — I EARE R T,
(a) Polynomial Regression
%MK =2 ey X A
= Z Bl + €
iX 5 linear model éﬁ«ﬁ}/\kﬁzﬂ—j@ KAl (ie #A%ETABKER) ZAABH OLS

MARTIAR, BF d OPRIEREST 4, ARELSFR—A logistic B2, iy 2
T AR MAB L —A features expanzion function FF%] 89,
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(b)

Piecewise constant regression

ﬁ A )2 &2 F pattern deploy F| AR L Piecewise constant = )2 ] 2 H# %
A x #9 domain X 5 JUE, AR JEJH stepwise # indicator function # x JZAR| 4
E'lﬁ subinterval ¥, 4LEAZ ¥ x A numerical & T categorical, X#E, B FAZE

T
Zﬁj () + €

o EXF 2 X7 (B+1) &, B [cj,cj+1), f Cj(x;) BALA 0 K 1, Bb=)aff
AL SR — IR, H—BIEL 5; T AR R represents the average increase

in the response for X € [¢;, ¢j41) comparing to X < ¢,

Regression Spline

ARRARFHR AT — N2 R, KEWHK x 49 domain 58, ETRRFEK
EEa R AK, 2B EFRA knots, B HE—FRAVT AR AR L4, B
o MW ERELE dof—1
o 4BF & 4L 1st derivative #2 2nd derivative 484, d.o.f — 2
=¥

Piecewise Cubic 0(4% - g/ Continuous Piecewise Cubic 0(%

Wage
Wage

50 100 150 200 250

50 100 150 200 250

et B oo e

20 30 40 50 60 70 (4'04 yrr? 20 30 40 50 60 70

Age 3 Age

of 411
Cubic Spline y( /%W\'/‘A Linear Spline

Wage
Wage

50 100 150 200 250
50 100 150 200 250

Py S P Hi

20 30 40 50 60 70 20 30 40 50 60 70

FYA-F TR T RE SR, B WIKEREESE I oARE T OLS M4
—F AL, HARWEAE dof B—,

{B3% 7 cubic spline (i.e &K =k), KA knots, MA (K+1) & subinterval, &
— knot A% 3 A~ dof, 7%1‘4(K+1)—3K—k+4/\d0f

Bl &, AT VA¥ spline E):'Z%%)ik F standard basis 8975 X, K T4 7.4.3/4/5

8. Smoothing Splines
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9. Decision Trees
REAFE, E T VAR A regression, 4LV vA A ZE classification 7] AR,
(a) Regression tree vis Stratification of feature space (top-down)
¥ B R ¥ feature space (BT A T A I E|691E) 5 R J A distinct and non-
overlapping space regions, iX # 2 K 149 model, Z B #H AT M, 4R X 09
X A8% %] T jth region ¥, M KA1H % region response variable # mean 4§ 4 7|
18,

Feature space #) X 277 ix Jb &AL G £ recursive binary splitting, & —#F top-down,
greedy W9 F k. P26 B3, %&ﬂ]fliﬁ#’i‘éﬂ-‘ﬁ split f& 4%

> S i)

j=1i€eR;

however this requires to compute every possible combination of split which is com-
putationally infeasible.

recursive binary splitting detail:
o 3t —A Predictor X; 894 — /T 489 split ARFATX] 5 FF 3 E BmA-F L6
RSS (i.e NAFfE4nFE A n A training set points M # 4T n-1 X a9 %] &
o H—A X, PAHRYG &89 RSS 49 cutpoint £ BZ 5 A cutpoint
HFFREA:
Ri(j,s) = {X[X; < s}, Ra(j,s) ={X[X; = s}

and seek the value j and s that minimize

Z le + Z sz

where the g, )2 are the predicted value which in this case we use the sub-group mean
response. WHgE R — A FH AL P X criteria 4718 (i.e have maybe 5 points
left,

(b) Regression tree via Tree pruning (down-top)
B Ewm F 2 F| space 897 HERE B F 3 overfit (i.e £V % E Z IR IF{2£ 20
RKEFINTAR), EFRLE LS, XANATRBEEE reduction in RSS at a high
theorhold k f#k, {22 iX 274 F — /NP, tb?’z"i AT 89—/ split /£ 4F RSS )

By, 2R AEZ G split ¥ ABIFHLER, NEZFkel, By Fs—
split 42 V49 tree BRI A F 4569 tree ?kﬂ] it pruning, B &/FE]— K9 tree
J& B Fm B3R,

37 7 % A Cost complexity pruning(weakest link pruning) Not finished

10. Bootstrap

LB ERATR A — A dataset H Tk I population P32 £ % F, H bootstap A £ %
#9 dataset,
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