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1. PROBABILITY SPACE AND MEASURE

1 PROBABILITY SPACE AND MEASURE

1.1 periniTION. The sample space QO = {w; : i € Z} is the set of all possible
outcomes of a random experiment. Let Z be a set of indices. For example,
I={0,1,2...,T},T=1{0,1,2,...}, T = [0, c0), etc.

A event is a subset of the sample space. Notice for example we write an event
A = {wy, wy}
it means w; or w, but not and.

1.2 periNITION. (Probability Measure) IP is a probability measure on the space
Qif :

e P(Q)=1
* Foranyevent A in J,0<P(A)<1

* For any mutually disjoint events Ay, A,, ...,

Jail=) Pray

i>1 i>1

P

where two events A; and A; are disjoint if A; N A; = @.

Notice, disjoint is exactly the same as mutually exclusive (as one happens, the
other doesn’t happen for certain). The measure P is a set function (e.g take a
set, which is a event as input) to R. Actually in measure theory, the measure
0 <P(A) < 0. Given a sample space, the probability measure is not unique.

1.3 tHEOREM. When Card(Q)) < oo, let’s say ) = {wy,..., w,} then the three
conditions in definition (1.2) of the partial definition of a probability measure are
equivalent to the following three conditions:

e Vie(l,...,n},P(w) >0

* Foranyevent AC QQ,P(A)= ) P(w).

weA

n
© ) Plwg) =1
i=1
This is rather useless theorem imo. Everything is trivial the slides even made
stupid mistake stating A € (). Then we use the above axioms to prove several
basic probability laws like P(A U B) = P(A) + P(B) — P(A N B). The proof for



"If AC BC Qthen P(A) < P(B)” is as follows
P(B) = P(AU (B\A))
=P(AU(BNA))

=P(A)+P (BN AS)

1.4 perFINITION. A random variable X is defined as a map from sample space
to the real line
X:Q0—R

The Q) can be a set of anything not necessarily a number.

1.5 perFINITION. (Support of a random variable) Let X be a random variable or
vector. The support of X of that of its distribution is the set of all x s.t Vo > 0,

PXe(x-0x+9)}>0

To differentiate discrete and continuous r.v. we look at the support. Discrete
r.v. has a countable support (i.e. finite or countably infinite) while continuous
random variables has uncountable infinite support.

From now on we focus on discrete r.v. first.

1.6 periNiTION. The distribution or the law of a random variable X is charac-
terized by its (cumulative) distribution function Fx : R — [0, 1] x — F(x). So,
if P is the probability measure assigned to () then

Vx e R, Fx(x)=P({weQ|X(w) < x})

Now if we reduce the () to a finite (e.g. card((2) < co) then we could also use
the pmf to characterize the distribution function (e.g. characterize we mean
uniquely determine the distribution). For continuoius r.v CDF but not PDF
pin down the distribution while for discrete r.v both CDF and PMF works.
The following theorem shows this

1.7 THEOREM. In the case where Card (Q)) < oo, the distribution of a random
variable is also characterized by its probability mass function fx : R — [0, 1] that
is

Vx e R, fx(x) = Plwe Q| X(w) = x}

Proof. The logic is to show that

Fx(x) &= fx(x)

given one then the other is uniquely determined. Detail see slides 1 appendix.
O



1. PROBABILITY SPACE AND MEASURE

1.8 perINITION. Two random variables X and Y are said to be equal if and only
if

Vo e Q, X(w) = Y(w)
They are said to be equal in distribution (or in law) when they have the same
distribution.

Clearly by theorem 1.7, if the r.v. is discrete, then equal in distribution can
be equal in either PDF or CDF. Random variables are equal = Equal in
distribution but NOT vice versa. The first statement is stronger. Equal in
distribution depends on the assigned probability measure while equal of
r.v. does not depends on probability measure. Two r.v. are equal means the
equality is point-wisely in the sample space.

1.9 perINITION. (0— Algebra) Let F be a collection of subsets of a sample
space (). F is called a o-field (or o-algebra) if and only if it has the following
properties.

* The empty set @ € F.
* If A € F, then the complement A® € F.
e If A; e F,i=1,2,..., then their union UA; € F.

Notice the union must be countable. If further Q is finite, then the third
condition is the same as )
U Ai e F
i

since there have to be finitely many events. o-algebra is a collection of events.
1.10 periNITION. (Partition) A family P = {A4,..., A,;} of events in Q) is called
a finite partition of Q if

e Viell,...,n},A; 290

* Vi,je{l,...,n}suchthati=jA;NA; =0

In short, it is the union of disjoint non-empty events that span the whole
sample space.



1.11 perINITION. A o-algebra F is said to be generated from the finite partition
P if it is the smallest o-algebra that contains all the elements of P. In that case
F is denoted o(P) and the elements of P are the atoms of F.

All o-algebra have atoms.

1.12 periNtTION. The pair (Q, F) is called the measurable space.

1.13 pEFINITION. (r.v. on measurable space) A random variable X constructed
on the measurable space (Q, F), is a real-valued function X : (Q — R such that

VxeR,{weQ:X(w)Sx}E]:

It can be shown that for those () s.t. Card((Q2) < oo the definition is equivalent

to
VxeR {we Q| X(w)=x}e F

The random variable X is also called F-measurable.

Notice the {w € Q : X(w) < x} is an event so the notation is correct (e.g. it is a
set of outcomes from the sample space). The tentative proof is as follows

Proof. Let We show the = first. Let {X(;), X(2),---, X(;)} be in ascending
order. ThenVxeR,i=1,2,..,n
{we Q] X(w) < x} ={weQ|X(w) <Xyl
={w e Q| X(w) = X(1) or X(w) = Xz or -+ X(w) = X;)}
Since the condition is "or” so
{lwe Q[ X(w) =X} e F

For those x s.t. {w € Q| X(w) = x} = 0 € F by the definition of c-algebra. [

1.14 tHEOREM. Let (Q), F), Card (QQ) < oo, be a measurable space and P =
{A1,..., Ay}, be the finite partition of () that generates F. The function X :
Q) — Ris a random variable on that space ( X is F-measurable) if and only if X is
constant on the atoms of F.

Constants can differ from events to events as long as X(w) does not vary
for w € A;. Proof see Chapter 1 slides page 42. One immediate result from
theorem 1.14 is that for the r.v. X on the trivial ¢-algebra {Q, 0} is constant
since the only atoms is () (or (). By theorem 1.14 the r.v. can only takes 1 value.



1. PROBABILITY SPACE AND MEASURE

1.15 cororLAarY. If F = the set of all possible events in () (the power set of (1)
then any real-valued function on (Q(X : 3 — R) is F-measurable, that is to say
that X is a random variable on (Q, F).

1.16 pEFINITION. (0-algebra generated by random variable) Let X : Q — R.
The smallest o-algebra F that make X a random variable on the measurable
space (Q), F) is called the c-algebra generated by X and is denoted o(X).

This is simply the reverse order of defining an F-measurable r.v. . Consider
the finite case or Q. Let X(w) € {x1, x5, ..., X,;}. Then we define

Ai:{w€Q|X(w):xi}

Notice {Aq, ..., A, } form a finite partition of (). We call this the “events charac-
terizing the random variable”. Then by the routine

o(X) = o(Px) = K

1.17 THEOREM. Let’s assume that Card(Q)) < co. If X: Q > Rand Y : 3 — Rare
JF-measurable, then Va, b € R, aX + bY is also F-measurable, which is to say that
any linear combination of random variables built on the same measurable space is
a random variable of that space.

Proof. Since Card(()) < oo, the random variables X and Y can only take a finite
number of values, let’s say x; <... <x,, and y; <... <7y, respectively. Vz € R,

lwe Q| aX(w)+ bY(w) < z}

U {w € Q| X(w) = x; and Y(w) = y]-}

axij+by;<z

= U {weQ|X((o):xi}ﬁ{weQ|Y(m):yj}€]:.

axi+by;<z

eF cF

1.18 perINITION. (Probability Measure) Let (€), ) be a measurable space. The
function P: F — [0, 1] is a probability measure on (Q, F) if

. P(Q) = 1.

« YAe F,0<P(A) < 1.



1.1. PRACTICE

* VA, Ay,...€ Fsuchthat A;NA; =gifi=]j,

A=) Py

i>1 i>1

P

1.1 PracricE

Here are some good practices.

1. Let Card(Q) < oo. Show thatif X : Q > Rand Y : QO — R are F-
measurable then min{X, Y}, max{X, Y} and XY are also F-measurable.
In addition, show that if Yo € Q, Y(w) = 0 then X/Y is F-measurable.

Proof. Here we only show the proof for XY. The others are trivial and in
a similar manner. Let us show that XY is F-measurable: Yz € R,

{we Q| X(w)Y(w) <z}

U {w € Q| X(w) = x; and Y(w) = y],]

X,‘}/'J'SZ

U {we Q| X(w) = x;} ﬁ{(o €eQ|Y(w)= }’j} e F.

x;iy;i<z

ef eF

L]

The takeaway point is to transfer the conditions to the union. This works
because there are countably many combination of X and Y (they are
discrete so finitely many values to take).

2 STOCHASTIC PROCESS

2.1 perINITION. (Stochastic Process) Let (Q), ) be a measurable space. A
stochastic process
X={X;:teT}

is a family of random variable, all built on the same measurable space (€2, F).

2.2 perINITION. (Filtration) A family F = {#; : t € T} of o-algebras on QQ is a
filtration on the measurable space (Q, F) if

. VteT,FCF,



2. STOCHASTIC PROCESS

° th, i) € 7T such that i1 < ty, .F;gl c ‘Fiz'

Filtration is also called the information set. It contains all the information re-
vealed by time t. Usually the F, = {0, Q3}. If we say the filtration F is generated
by the stochastic process {X; : t =1,---, n}, this means Vt € T,

‘Ft = G(XIJXZI"' ’Xt)

2.3 DEFINITION. A stochastic process X = {X; : t € 7} is said to be adapted to
the filtration F = {F;, : t € T} if

Vt e T,X; is F;-measurable.

2.4 peFINITION. (Stopping time) Let (€2, F) be a measurable space such that
Card(Q)) < oo and equipped with the filtration F = {F, : t € {0, 1,...}}. A stop-
ping time tis a (), 7)-random variable that takes its values in {0, 1,...} such
that

lweQ:t(w)<tleFH, YVtelo1,...}

For countable set of () the definition is equivalent to
{weQ:t(w)=t}eF Ytefo1,...}

Consider stopping time is a decision or strategy to buy or sell a stock.
Recall the filtration can be viewed as an information set up to time t. The take
away point is that if the decision is made based on the future information
that yet to happen, then it is not a stopping time (e.g. sell the stock as soon
as it make a profit. This requires knowledge of the price at t + 1 while we
know only price up to time t). This is reflected in the definition that the event
{we Q: 1(w) < t} must be contained in the information set. It is reasonable to
consider the stopping to be exogeneous.

2.5 THEOREM. Given (Q), F) and a corresponding filtration I, let Ty and t, are
stopping time based on the same F. Then

T AT, =min{t, T}, T V T, = max{t, 1}
are both stopping time as well.

Proof is trivial. Meaningless to practice.

2.6 perINITION. (First passage/Hitting time) Let (€}, F) be a measurable space
such that Card(Q)) < oo and equipped with the filtration F = {F, : t € {0, 1,...}}.



X ={X;:t€{0,1,...}} represents a stochastic process adapted to that filtration.
Let B C R. We define the time until the stochastic process X first enters the

set B as
tg(w) =min{t €{0,1,...} : X;(w) € B}.

If it happened that the path t — X;(w) never hits the set B then we define
TB(O)) = Q.

2.7 THEOREM. The random variable tp is a stopping time.

Proof. Since Card(Q)) < oo,thenVt € {0, 1,...}, X; can only take a finite number
of values. Let’s denote them by

NS}

vVt €{0,1,...}. Actually the m, with subscript t make sense because each r.v.
X; has different co-domain. m only can not pin down the maximum value that
X; take. Then

{we Q: tp(w) =t}

{weQ:Xp(w) ¢ B,..., X;_1(w) ¢ B, X;(w) € B}

t—1
- ﬂ{weQ:Xk(w)eEB} N{we Q: X, (w) € B)
k=0
t—1
= {weQ:Xk(w)zxﬁk)} ﬂ U {weQ;Xt(w):xﬁ.”}
k=0 x(-k)eB xep
€F

the last ”in” is due to adaption and

For practical purpose. How to set up the measure framework for a real-
world scenario? Usually we should consider the variable of interest as the
random variable (e.g. stock price, interest rate, balance of bank account etc.)
and the state of the world as the sample sample space () (e.g. some factors
that could possibly related or specify the value of the r.v. of interest). The state
of the world should be treated as deterministic otherwise it is not possible
to arrange the value of random variables. Further more, to determine the
evolution of r.v. by time, the value at t should also be determined by the state
of the world. This could be done through a function.



3. EXPECTATION AND CONDITIONAL EXPECTATION

3 EXPECTATION AND CONDITIONAL EXPECTATION

3.1 perINITION. The random variables X and Y are both built on the probability
space (Q), F,P), Card(Q)) < oo. Let Px = {A4,...,A,,} and Py = {By,..., B,} be
two finite partitions that respectively generate the sigma-algebras ¢(X) and
0(Y). The random variables X and Y are said to be (pariwise) independent if

VA € Px and YB € Py, P(A N B) = P(A)P(B)

By the definition, it is sufficient to just check the pairs of atoms to deter-
mine the independence. Not necessary to check every elements in ¢(X) and
o(Y). Also notice the probability measure play a role in Independence. The
definition can be extended to multiple random variables.

3.2 pEFINITION. Let Xy, X5, ..., X,, be random variables defined on the same
measure space. Then they are said to be mutually independent if and only if

* They are pairwise independent

* The following rule is observed

P(ﬂx ]—IIP’ )VSC1,2,---,n)

i€S i€S

Notice it is possible for r.v. to be pairwise independent but not mutually
independent.

3.3 perINITION. Let (Q), F,P) be a probability space such that Card(Q)) < co.
For all event A € F with a positive probability, P(A) > 0, the conditional
probability given A, denoted P(e | A), is defined as

P(BN A)

VBe F,P(B|A) = A

Based on conditional probability, we can define another theorem for inde-
pendence.

3.4 THEOREM. The random variables X and Y are both built on the probability
space (Q), F,P), Card (Q)) < oo. Let Px ={A4,..., Ay} and Py = {By,..., B } be
two finite partitions that respectively generate the sigma-algebras o(X) and o(Y). If

VA e Py s.tP(A)>0,P(B|A) = P(B),VB e Py

or again, if
VB e Pys.tP(B) > 0,P(A|B)=P(A), VA € Px

10



then X and Y are independent.

The proof is trivial. Notice that the probability of the conditioning event is
assumed to be positive. If B such that P(B) = 0 we are still able to show
independence by

0 <P(BNA) < P(B) = 0 = P(A)P(B)

3.5 perINITION. (Expectation) Let X be a random variable built on the proba-
bility space (Q), F,P) such that Card(()) < co. The expectation of X, denoted

EF[X]is
EP[X] = Z X(w)P(w)
we)

For discrete random variable, the equation is equivalent to

n n

EF[X]= ) xPloe QIX(w) =x) =) xifx(xi)

i=1 i=1

where x; are the possible values that X can take, fx is the pmf of X.

The common properties of expectation still holds under measurable space (e.g.
linearity). The proof for linearity is trivial. Remember the probability measure
is defined on sample space for each w but not the sigma field. Expectation of
product is product of expectation if independent. Moment.

3.6 perINITION. (Conditional Expectation) The random variable X is built
on the probability space (Q, F,P), Card (Q) < co. Let G C F, a sigma-
algebra generated by the finite partition P = {Ay,..., A,} satisfying Vi €
{1,...,n},P(A;) > 0. The conditional expectation of X given G, denoted EF[X |
Glis

E(X|G)(w D-z[xm )+ Ta, (@)

=y ZM)—M;&‘; 1, ()

Notice the last equality is due to P(0) = 0 by the property of (probability)
measure. Thus it can be seen conditional expectation is a random variable
due to undetermined events on G: eventually we find that the expression of
E(X|G)(w) is a function of w thus indeed a mapping from Q to R.

11



3. EXPECTATION AND CONDITIONAL EXPECTATION

3.7 LEMMA. (Important properties of conditional expectation) Let X and Y be
two random variables in the probability space (Q, F,P). Let sigma-algebras G, G;
and G, are respectively generated by the finite partitions P = {Ay,..., A,} and
Py ={By,..., B} and P, ={Cy,..., C,}. The following properties holds:

1. If X is G-measurable, then EF[X | G](w) = X(w).
2. If G| € G, C F are sigma-algebras, then
EF[E7[X 1 G1]1Go] = BF [X | G1]
3. (Tower rule or Iterated expectation) If Gy C G, C F are sigma-algebras, then

EP [E]P> (X]G,]| gl] =E" (X |G]

4. Conditioning on the trivial algebra

EF[X | {2, Q)] = E'[X]

5. If X is G-measurable then

EF[EP[X | 6]] = EF[X]

6. If Y is G-measurable, then

EF[XY | G] = YEF[X | G]

7. If X and Y are independent, then

EF[X | o(Y)] = E¥[X]

8. Ya,b eR,
EP[aX + bY | G] = aBF[X | G] + bEF[Y | G]

Proof. Here we show the proof for properties 1,3,6 and 7 only. Notice that it is
the sample space w that is always partitioned. 0l

Comparing properties 1 and 4. Intuitively, the trivial sigma algebra does
not provide any information thus there is no “randomness” in terms of in
which event the outcome happens. Thus conditioning on the trivial algebra
the expectation is a constant. However if the sigma algebra is not the trivial
set then we are not sure in which event the outcome happens so consequently
it is a random variable.

12



4 MARTINGALES

4.1 perINITION. (Martingales) On the filtered probability space (Q), F,F,P),
where F is the filtration {#; : t € {0, 1, 2,...}}, the stochastic process

M={M,:t€{0,1,2,...}}
is a discrete-time martingale if
1. Vte{0,1,2,...}, EP[IM,]] < =
2. Yt e€{0,1,2,...}, M, is /;— measurable;
3. Vs, t €{0,1,2,...} such that s < t, E¥ [M, | %] = M. This is equivalent to
Vie(1,2,.., E¥ M, | Fiy] = M,
Can be proved by induction.

Notice that the Martingale depends on both the probability measure and
the filtration I so it is also sometimes called (F,P)-martingales. To prove
a stochastic process is martingale, we just need to show the above three
properties are satisfied. The intuition of the 3rd property is that the best bet
for the future is to take the current value as prediction. Martingale process is
considered to be a "flat line” in probabilistic view. In financial asset pricing,
“the martingality of an asset is equivalent to not being able to conduct arbitrage
through trades in that asset”.

4.2 LEMMA. Let M = {M, :t €{0,1,2,...}} be a martingale built on the filtered
probability space (Q, F,F,P). Then

Vte{1,2,...},EY [M,] = EF [My]

This means on average a martingale process is constant. This does not
mean that the process varies a little since the variance at each time Var® (M;)
can be infinite. Also notice here the subscript ¢ is deterministic (e.g. for any
given t).

4.3 exampLE. Let {&; : t € {1,2,...}} be a sequence of (€}, F)-independent and
identically distributed random variables with respect to the measure P and
such that

EF [&,] = 0 and EP [¢] < .

Let’s define
Fo =12, Q}

Vi=1{1,2,..}, F=cl&:se(l,..., 1))

13



4. MARTINGALES

and

My = 0, M, = ias.

Then show that the stochastic process M is a martingale on the space (Q3, 7, F, P).

Proof. Indeed,

t
EY [IM,]] = EP[ &
s=1

< ;EP [1&l] < ;\/EP[EE < o0

where the second inequality comes from the fact that, for any random variable,

0 < Var[[X|] = E[IXI*] - (E[IXI))* = E[IX]] < {/E [IX?]

Given the selected filtration, M is adapted (*) (which is to say that V¢t €
{0,1,2,...}, M; is F;-measurable).Lastly, Vs, t € {0,1, 2,...} such that s < ¢

EF [M, | £]

wr § o]

u=s+1

—EP

=E" [M, | £]+ ZEP[gum

u=s+1

t
=M+ ) E°[g, | A]=0
u=s+1 "

:EP[‘Eu]

The last equation is because first, M is F-measurable by inception and the
independence due to {&;, &, ..., &} and {&,q, -+, &}. The independence then
brings out all the expectation equals My = 0. Thus it is a martingale. ]

Notes: * The meaning of “adapted” is not very clear. We could consider the
fact that, for random variables based on the same measurable space (€, F)
then their summation, or further any basic operations like multiplication,
division etc., is still F-measurable.

4.4 perFINITION. (Stopped process) The stochastic process X and the stopping
time T are built on the same filtered measurable space (€, 7, F). The stochastic
process X" defined by

X{(w) = Xiar(w)(w)
is called a stopped process with stopping time .

Through time, it take the value X take until stopping time. From stopping
time onward, its value freezes at the value at stopping time. Notice the value

14



of t(w) is deterministic (I believe in some sense we could treat it as exogenous)
while the value for t is not.

4.5 THEOREM. If the martingale M and the stopping time T are built on the same fil-
tered probability space (Q, F,F,P) then the stopped process M" is also a martingale
on that space.

Proof. Make up later. See slides 19. O

4.6 THEOREM. (Optional Stopping Theorem) Let M = {M;|t = 0,1,---} be an
martingale and T be a stopping time both defined on the same filtered probablility
space (Q, F,F,P). If the following conditions hold

o EF(1) < o0

o EF (M, — My | Fi) < c for some constant ¢ and ¥ t

then E(M.) = E(M) where we say T is an optional stopping time.
The version of OST shown in the slides is a bit different
4.7 THEOREM. (Optional Stopping time) Let X = {X;|t =0, 1,---} be an stochastic

process and T be a stopping time both defined on the same filtered probability space
(Q, F,F,P). Then M is a martingale IFF

EF(X,) = E¥(Xo)V ts.t. 0> t(w) > ¢
for some constant c (e.g. for any T that is bounded).

Proof. The proof is exactly the same as in slides just with necessary comments.

15



4. MARTINGALES

* 7 = ”: Assume X is martingale.
[ b
EP [X,] = EP ZXkH{T:k}]
k=0

=E" Xk (H{Izk} - H{Tzkﬂ})

r )
E
Il <
o

b b
= ZEP [Xkl{rzk}] - ZEP [Xkﬂ{rzkﬂ}]
k=0

k=0

b b-1
= gP [Xo] + ZEP [XkH{TZk}] - ZEP [XkH{T2k+l}]
k=1 k=0

b b
- EP [Xo] + ZEP [Xkﬂ{rzk}] - ZEP [Xk—lﬂ{rzk}]
k=1 k=1

b

=EF [Xo] + ZEP [(Xk - Xk—l)H{TZk}]
k=1

b

DRI
k=1

b
= B7[Xo] + ) EF [TjeakBY [Xp = Xpoy | Fia ]
k=1

= E" [Xo]
OJ

Comments: The second last line is because 5 is F;_; measurable. This
can be shown as follows. Recall I is defined as

I B 1, ©t™=k
(k) = 0, t<k

So appeal to the first principle we have
{we QT =1} = {we Q] 1(w) < k)*

:{U{weﬁlr(w):k'}}c

k’=0

T; is Fr_j-measurable for all i < (k — 1) so its union is also F;_;-measurable.
So does its complement (due to sigma-field). why the last 3rd and 4th line?

16



Optional stopping time is used to compute the expected return or risk of a
portfolio or financial assets. Also it is a proper technique to evaluate American
option.

5 DISCRETE-TIME MARKET MODELS: BINOMIAL MODEL

Notation and definition: We consider two type of assets which are riskless

asset and risky assets. They are represented by S(tl) and S(tz) respectively. We
consider t = 0, 1. They could take values as follows.

Vo e Q8" (@) =S (w)(1+7) = (1+7)

2) 2 _ Jsun eR”
Yoe S, (w)=s5p€R, =(0,00), S;’ =
o( ) 0 + ( ) 1 {512€R+

. T . 2
where r is periodic interest rate (constant through out the period); S(1 ) can
take either sy; or sj, where sy; < s7,. Assume Sf)l) =1 for all w and 8532) is

known for certain as s;.

The measurable space is build in a back-tracking way. Notice we want to
see how an asset evolves over time, so a trajectory should be a series of price
at each point of time. Define the two assets in a single vector

se=(si" s}, t=01
as t changes we have a stochastic process. Then the process is

M <@\ (o) @\
(s8s8)  (si"st?)
trajectoire #1(w;)  (1,50)7  (1+7,517)"

trajectoire #2(wy) (1,509)" (1+7,5,)"

Now each trajectory is equivalent to a w € (). This is how we inversely generate
the sample space. In practice, the sample space is not known as well. Based
on our assumption (e.g. s11, Sy, etc.) there can be more than two w in () while
they will be absorbed into either of the two trajectory which is

Jdw;, wy € Q such that Vi € {0, 1}S;(w1) = S4(w»)

In other words we are not able to specify them. The set () is not unique in this
sense. Thus the F = F = {0, Q, 01, 05}

5.1 perinITION. (Portfolio) The pair
q): (¢1I¢2) eRxR

17



5. DISCRETE-TIME MARKET MODELS: BINOMIAL MODEL

is called a portfolio. The value of a portfolio at state w at time t is then

2 .
Volt, ) = ¢S (@) = ) S} (w)
i=1

We define that if V(0, w) = V(0) > 0, we need to pay V to acquire the asset. If
V(0, w) = V(0) < 0 means we will receive —V amount in acquiring the asset
(e.g. negative V means short selling and thus in debt).

Notice that ¢ can be negative in order to reflect possible short selling (since
price can’t be negative).

5.2 perINITION. We say that ¢ is an arbitrage opportunity if
1. Yo € Q, V4(0,w) = 0
2. Yo e Q, V¢(1,w) >0
3. dwe Q, Vq,(l,w) >0

i.e., starting from a zero investment (1), we are certain not to incur a loss (2)
and we have a positive probability to make a gain (3)

ComMENTs  As long as there’s price difference in the future that we know for
certain, or using such a strategy that no cost is incurred, there is arbitrage
opportunity. The existence of arbitrage has nothing to do with the price of
asset today. The (1) condition is trying to make sure we are getting money
from nowhere by short selling. The logic is actually quite simple: At t = 0 we
short sell the asset having (relative) lower priceatt =1 .

ARBITRAGE IN ONE PERIOD MoDEL  Condition (1) implies

d1 = —Pasg = & = (P25 $2)

Condition (3) assures that (0, 0) is not an arbitrage opportunity and thus it is
safe to assume that ¢, # 0. Conditional (2) together with above portfolio then
implies that

G2 (s11 =501 +7)) 20, w=awy

V¢(1,w1) = {

$r (512 =50(1+7) >0, w=w,
Thus we conclude
¢y >0 & 515 >511 250(1 +7)

q)2<0 — 511<512£50(1+7’)

18



(Notice s1; < s1; strictly is part of the assumption of the model so the ”iff”
make sense) To interpret: First of all we need to agree that at t = 0 we need to
short sell the asset that has a relatively lower price at t = 1. Then

1. If 515 > 511 = so(1 + r), then V ¢, > 0 the portfolio (—¢,5¢, P;) is an
arbitrage opportunity. This means we perform the following procedure:

* Short sell nsy/1 share of riskless asset to buy nsy/sy = n share of
risky asset. In this case ¢ = (—nsy n)’. The amount paid out is then

V‘l)(O) = *I/IS() + HS() =0

* At t =1 we repurchase the share of risk-less asset and give it back

at price (1 + r) and sell risky asset at price S(lz)(w) the net amount is
then

AV = Vy(1, @) = Vi (0, ) = Vi(1, w)

nsyp —nso(l+r)=n(s;;—so(l+7r) >0 ifw=aw;
nsyp —nsg(l+r)=n(s;p—sp(1+7)>0 ifw=w,

2. If 511 < 512 < 50(1 +7), then V¢, < 0 the portfolio (—¢,5s¢, ) is an

arbitrage opportunity. This means we perform the following procedure:

* Short sell n shares of risky asset and purchase ns, share of riskless
asset. In this case ¢ = (nsg — n)’. The amount paid out is then

V(0) = nsgl —nsg =0

* At t = 1 we repurchase the share of risky asset and give it back at

price 8(21)((1)) then the net amount paid is then

AVq) = V¢(1, (1)) - V¢,(O, (1)) = V¢,(1, (1))

3 {nso(l +r)—ns;; =n(so(l+7r)—s1;)>0 ifw=w;

nso(l +r)—nsjp =n(so(l+r)—s12) >0 ifw=w,
Actually the AV is the net profit not the net amount paid.
This is saying that there is no arbitrage opportunity if

s11 < 50(1 + 7’) < S1p

5.3 perINITION. (Contingent claim) A contingent claim is a contract between
two parties, a seller and a buyer, the value of which will depend on the state
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5. DISCRETE-TIME MARKET MODELS: BINOMIAL MODEL

of the market during the contract validity period. It is like an insurance
contract. Mathematically speaking, a contingent claim C is any non-negative
(Q), F)-random variable.

In short option is a type of contingent claim. Then we use the one period
model to price the option. The idea to price the contingent claim is to match
the price of contingent claim and price of portfolio at t = 1. Why? The logic to
match the value is not quite clear. Let’s consider the (Q, ) generated by the
above assets in a one period model. To match the price we have

Yw € Q, Vy(1, w) = C(w)
SO1(L+7)+ ¢rs11 = ¢ and G1(1+ 1)+ Pasip = ¢
S12€1 751162
(:)( $1 ):[ (s12=s11)(1+7) )
Cr—Cy
q)z S127S11

and consequently the portfolio value at t = 0 is

€1 S1p—So(l+7r ¢y So(l+71)—s
Vy(0, ) = Vi (0) = —— 212 ol+1) o soll+7)—sn
L+r  sip=sn 1+r  s;p—s11
— S
q 1-g

and we derive the new probability measure Q which is

Qw) =¢, Qlwy)=1-9¢

This make sense since ¢; and c; are the values of a random variable (e.g. actu-
ally the contingent claim price) at t = 1 in two state of the world respectively
and consequently

1
Vip(0, w) = —E9[C
$(0, w) T+7 [C]
where we use C the express the price of contingent claim at ¢ = 1 and (1 + r)~!
is the discount factor. Now we have (Q), 7, Q). Another important implication
is that no arbitrage opportunity <= q € (0,1).

Risk NEUTRAL MEASURE Q The probability measure derived form above is
called risk neutral measure. The reason to be called neutral is as follows.
Define the return of asset at time ¢ to be

Si(w) = Si_1(w)

Rs(t, ) = Si-1(w)

5.4 ract. Under any probability measure P the expected return of the riskless
asset in a {0, 1} period is r.
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Proof.

O

5.5 ract. The return of a risky asset depends on the probability measure. The
general form is

2 (2 (2)

S77 (w;) =Sy (w;
¥ [Rgor(1)] = ) = (i) = S0 (@i)p o,

: @

i=1 So (wz)

S11 — S S12 — S

= P (w)) + —F—"P(wy)

50 50

Notice this is usually different form the physical probability in the real
world since the probability measure can hardly be the same as physical proba-
bility. Also as we can see the expected return for risky and riskless asset are
usually not equal. However under the measure Q they are equal which is

EC [Rge(1)] =%@<w1> + %@(w»

_ 511~ S0 512 —so(1+7)

50 512 — 511

L S12=so () si2—soll +7)
50 512 =511

=r
What this imply is important: On the probability space (), F,Q), there is no

benefit associated with risk, the expected return on the risky security is the same as
the one on the riskless security.

EQUIVALENT MARTINGALE MEASURE (EMM) The measure QQ derived above is
also called a EMM.

5.6 racT. On the filtered probability space (Q3, F,F, Q), the discounted price
(i)

processes of the securities {(i%), 1t =0, 1} are martingales.
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5. DISCRETE-TIME MARKET MODELS: BINOMIAL MODEL

Proof. We check the third condition of martingle only. For riskless asset

(1)

S 1+r
fi sz
=1
)
S (1+7)

For risky asset

(2) (2)

S S
EQ 1 Q|1
1+r|}—0] [1+r

= L Q(w)) + —2-Q(wp)

1+7r 1+r
511 512—50(1+7)+ s12 So(1+71)—s11
1+7r S12 — S11 1+7r S12 — 811

:SO

s

- (1+7)0

In reality for most of security

(2)
L | R > so

gP
1+r
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6 REPLICATION AND RISK NEUTRAL MEASURES

This section is base on the paper from Harrison & Pliska.

MOoDEL SETUP

1. We work on the filtered probability space (Q, F, F, P) where Q) is finite
|Q| < oo. Let the probability measure P to be the real world physical
probability.

2. Yw € Q) we have P(w) > 0. All participates in the market agrees that ()
includes all possible state of the world.

3. The time scale is finite 7 = {0,1,---, T}.
4. In terms of filtration we impose the following restriction:
(a) F={F : t € T} where we assume Fy = {Q), 0} and Fr is the power
set of F the largest o-algebra.
(b) Py = (AL AL, Al }s.t. B = o(P).

(c) F describes how information is revealed at time t. For example at

time ¢, investors can distinguish between Al and A/ in P, while they
can’t distinguish between w with in A}. Also Fy = {Q, 0} implies the
price at t = 0 is constant sy known for certain.

(d) In total (k + 1) assets are modeled indexing as 0,1, --- , k. The price
evolution of all security is

S=1{S;: teT)

where S; € R¥*1. Each of the S! indicates the price of unit share of
security i.

5. For those price process we assume the following

(a) SisF-adapted(e.g. Vv t the price Si is F; measurable).
(b) Si > 0 the price is strictly positive.

(c) SO = {S? : t € T} is considered as the risk free security. Since is risk
free then it’s safe to assume:

i. 9 <s%, foranyt=0,1,---,T~-1
ii. Y w e QQ we assume Sg(w) =1

(d) Define the discount factor

B

H

as a scalar stochastic process (e.g. same across w but vary with ¢).

23


https://www.sciencedirect.com/science/article/pii/0304414981900260

6. REPLICATION AND RISK NEUTRAL MEASURES

MobDEL

6.1 perINITION. (Predictable process) As stochastic process X = {X;: t € T} is
predictable if

1. X, is Fy-measurable

2. X;is F;_i-measurable.

The second condition means that all events characterizing distribution of
X; is captured in F;_;. An example is a deterministic process that X, = a is
Fo-measurable.

6.2 DEFINITION. A trading strategy is a predictable vector stochastic process

b= :te(l,... T)

where the random row vector ¢; = ((l)?, or, ... (l)f) represents the investor’s

portfolio at time ¢ : ¢p¥ = the number of shares of security k held at time ¢.
Moreover we define ¢ be the portfolio held by the investor during (t—1,t], t =
1,2,---,T

It is actually crucial to distinguish a strategy and a portfolio while in the
lecture and also in this documents we still mix the use of them such that both
of them are represented as ¢.

The (t — 1, t] assumption make sense. In order to show predictable, we
allow investor to chose the portfolio right after time ¢. So the portfolio held
at time t should base on a decision made depending on %;_;. Conventionally
the process V(¢) = {V;(¢p) : t € {0,1,..., T}} represents the market value of the
strategy at any time.

®}So ift=0

Vi() = ¢;st:£¢isi ifte{l,...,T)
i=0

6.3 pErFINITION. (Self-financing Strategy) We say a strategy is self-financing if
no funds are added to or withdrawn from the value of the portfolio after time
t=0,i.e.

Viel(l,...,T-1},¢,S; = ¢, ,S;

Where ¢S, is the amount we receive if we liquidated the portfolio ¢, at ¢
and q)t +1S¢ 1s the amount we pay to acquire the new portfolio ([)t +1- This means
no money is add to or withdraw from the portfolio however the composition
of the portfolio can changes. It is a refinance process.
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6.4 pEFINITION. (Admissible Strategy) The set of strategy @ is said to be ad-
missible if

1. Each component ¢ of ¢ is predictable
2. ¢ is self-financing
3. Forany t € T, Vi($) > 0

If change the last condition to be Vr(¢) > where the value of the portfolio is
positive only for T, then it’s the relaxed version of admissible strategy.

The relaxed version allows the value to be negative for t < T due to
shortselling.

6.5 DEFINITION. An admissible strategy ¢ is an arbitrage opportunity if
Vo(¢) = 0 & E” [Vr(¢)] > 0

Notice the second condition implies that

EP [V(¢)] = ) Vi(¢ ) P(w)
CL)GQ &_\,—.—/\/-/
>0 >0

so there exists at least one w s.t. Vr(¢, w) > 0. So, the strategy ¢ is an arbitrage
opportunity when, while investing nothing (Vy(¢) = 0), we are assured not to
lose any money (Vr(¢p, w) > 0 since ¢ is admissible) and we have a positive
probability to make a gain (Jw € Q for which Vr(¢, w) > 0). Notice here the
time is at big T so we only try to make sure the arbitrage works in the end of
the investment period.

6.6 DEFINITION. (Contingent Claim in multi-period model) A contingent claim
Xis a (Q), Fr) — non-negative random variable. Mathematically

X = the set of contingent claims

_Ix ‘ Xisa (Q, Ft) — random variable
B such that Yo € Q), X(w) > 0

6.7 DEFINITION. A contingent claim X is said to be attainable if there exists an
admissible trading strategy ¢ that can replicate the cash flow generated by X,
i.e. Vp(¢) = X has the same value as the contingent claim at T.
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6. REPLICATION AND RISK NEUTRAL MEASURES

It worth notice that V(¢) is indeed Fr-measurable. I assume we just want to
model the outcome of the cc at maturity T and we don’t care about the value
of cc during the period before maturity.

6.8 DEFINITION. (Price System) A price system 7 is a linear operator on X that
returns non-negative values 1 : X — [0, o0) and that satisfies

T1(X)=0X=0

and
Ya, b eRand VX1X2 eX, T(((z'lX] + sz) = aT((Xl) + bT((Xz)

The price system tries to attach a price to each of the possible contingent
claim. Also an important fact is that

Vr(¢) € X

for any admissible strategy ¢. In short the value of an admissible strategy at
time T (end of the maturity period) is an contingent claim. Notice V(¢) is an
random variable. It’s easy to check it’s a map from O — R.

6.9 DEFINITION. A price system is said to be consistent with the market model
if the price associated with the contingent claim Vr(¢) is its market value at
time t = 0, Vo(¢), i.e.

T (Vr()) = Vo ()

6.10 perINITION. Let IT be the set of consistent price system. It is defined to be
n(X)=0e X =0
VYa, b>0and VXI,Xz eX,
1t: X — [0, 00)
T (aXy + bX,) = an(X;) + b (X3)
V¢ € @, (Vr(d)) = Vo(d)

Is 1 trying to price the CC at time 0?

6.11 perinITION. (Equivalent risk-neutral or martingale measures (EMMs))
Let Qp be the set of Equivalent martingale measure of probability measure PP.
It is defined to be

Q is a probability measure on (Q, F),
Qp=<:Q| Yw e Q, Q(w) > 0 and
Vke{0,1,...,K}, ﬁSk is a Q - martingale.
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where
ps* = {p.St : te T}

The EMM is just a convenient tool to price contingent claim.

6.12 periNITION. (Equivalent probability measure) Let P and Q be two prob-
ability measures that exist on the measurable space (€, 7). The measures P
and Q are said to be equivalent if and only if the impossible events are the
same under both measures, i.e.

VA e F,P(A)=0 Q(A) =0

In our case, since Yw € (), P(w) > 0, all measures Q equivalent to P shall
satisfy the condition
Yo e Q,Q(w) >0

6.13 THEOREM. Proposal. There is bijective correspondence between the set I1 of
price systems that are consistent with the market model and the set P of martingale
measures equivalent to P. Such as correspondence is

n(X) = EQ[prX], X e X

Q(A) = (S§Ia), A€ F

INTERPRETATION

1. If we know a martingale measure Q equivalent to P, then we can build
a consistent price system 7 by setting VX € X, n(X) = EQ [prX]

2. On the other hand, if a price system 7 consistent with the market model
is available, then we can build a martingale measure Q equivalent to P
by defining VA € F, Q(A) = n(S%]IA)

3. On the other hand, if a price system T consistent with the market model
is available, then we can build a martingale measure Q equivalent to P
by defining VA € 7, Q(A) = n(S%]IA)

4. Such a proposal tells us that, if there exists a martingale measure equiv-
alent to P or if there exists a price system consistent with the market
model, then both exist, and the proposal establishes the link between
them.

5. However, nothing allows us to show that either of such two objects exist.
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6. REPLICATION AND RISK NEUTRAL MEASURES

6.14 LeMMA. (Page 228) If there exists a self-financing strategy ¢ (not necessarily
admissible) such that V() = 0, V() > 0 and E¥ [V ()] > 0, then there exists
an arbitrage opportunity.

6.15 THEOREM. (Fundamental theorem of Asset Pricing FTAP 1) The market model
contains no arbitrage opportunities if and only if there exists at least one martingale
measure equivalent to IP.

The proof is omitted. it can be found in slides Theorem 2.7. Together with
theorem 6.13, they provides the following logic flow:

No arbitrage opportunity — 3Q ~ P — 1(X) = E¢[prX], X € X

If no arbitrage opportunity then by theorem 6.15 there exists equivalent
probability measure Q. Then by proposal 6.13 we are able to build a consistent
price system T

6.16 coroLLARY. Corollary on page 228. If the market model contains no arbitrage,
then there is a single price associated with any attainable contingent claim X and
it satisfies

n=EQ[prX] VQ~P

The logic is that if there’s no arbitrage opportunity then there can be more
than one equivalent probability measure QQ to P and thus there’s theorem tells
us there can more more than one consistent price system. What corollary
6.16 says is that the price for any attainable price agree across different price
systems.

6.17 THEOREM. (Proposal 2.8) If ¢ is an admissible strategy, then the process BV (),
representing its discounted market value, is a Q-martingale for each measure

Q~P.

The proof is easy. Just remember to use the the fact in definition 6.11 that
pSk is a Q-martingale and thus

EQ[RFSK | £y ] = BF Sk,

6.18 THEOREM. Proposal 2.9. If X € X is an attainable contingent claim, then

B:Vi(d) = EQ[prX | F]

for any trading strategy ¢ which generates X and for each measure Q € Qp.
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INTERPRETATION If the contingent claim X can be replicated with strategy
¢, V() = X, then the market value of such a contingent claim must be, at
any time, equal to the market value of the strategy, otherwise, there is a way
to create an arbitrage opportunity. This also can be shown in mathematical
way as follows

placeholder

The short selling scenario is as follows. the logic why no arbitrage is not clear.

Recall we always short sell the on of the asset which has relatively lower
price or in other words the one whose relative price drops in the future. In this
case since at maturity T we know ¢ will exactly match the value (price) of the
cc (e.g. assumption of the theorem that X is generated by some ¢), so if there’s
price discrepancy before T there will be arbitrage opportunity. Furthermore,
we could also use the discrepancy price at ¢ to by riskless asset for profit. Not
finished yet

6.19 LEMMA. Omne of the implication form theorem 6.18 is that

X, = Vi(¢) = éE@ (BrX| 5]

which price the contingent calim at any given time f.

6.20 perINITION. (Complete Market) A market is said to be complete if it
contains no arbitrage opportunity and if all contingent claims are attainable.

Recall from corollary 6.16, attainable cc in risk free market have unique
price across different price systems (e.g. indeed probability measure). However
for those cc that are NOT attainable we can not find a portfolio replicating its
cash flow. There price is then not unique.

6.21 THEOREM. A market is complete if and only if there exists a single martingale
measure. On the contrary, the arbitrage-free market is incomplete if there exists at
least one cc that is not attainable.

Notice there can be attainable cc in incomplete market and its price is
unique. Theorem 6.21 tells that based on FTAP, if there exists only one measure
equivalent to P then market is complete; if there’s more than one then the
market is not complete.

In practice we are given the price process and we want to check if the
market is complete to design an arbitrage strategy. There are tow ways to
do this. The first one is based on theorem 6.21. The logic is to check if the
discounting process {SFp;}; with given prices over time allows unique solution
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6. REPLICATION AND RISK NEUTRAL MEASURES

to Q(w). The equations are given by

EQ[S§B | 1] = SE Py VK
Y. Qw) =1

we)
This set of equations can be turned into a linear system and we solve or check
the solution situation. Then eventually if the solution is unique then market
is complete otherwise not. Another approach is that we form a linear system
as follows based on the definition 6.20. This approach is to solve a system
of linear equation built based on the fact that all cc in complete market are
attainable.

To set up the framework. Consider a one-period model where 7 = {0, 1}
and k + 1 security S; = {S?,S},---, S} defined on (Q, F) (we also use the
set of asset S to represent the "market”). Let Card(Q) = n. The logic is then
since all cc are attainable in a complete market this means VX € X, 3¢ s.t.
Vr(¢) = Xt Yw € Q). Expand the above equation we have

k
Vr(g,w) = ) ¢7SH(w) = X(w)
i=0

since this have to work for all w thus we set up the following system

S%(wy) St(wi) -+ SK(wy) X(wy)
g = | St Sl St X
Spf(wn) Sflr(wn) SI{“(wn) X(wy)

where the columns range over all k + 1 securities and the rows range over
all possible state of the world. Thus in order to have all equations satisfied,
the system should have unique solution thus equivalently the rank of A must
have full rank. Noitce that in terms of the matrix, n < k + 1. The number of
rows must be equal to the number of states since we want our equations to be
met at each of every states.

To extend this to a multi-period model of 7 = {0, 1,---, T} we just have
to check that at every time t € 7, all matrix involved have to be of full rank.
This is guaranteed by lemma 6.19.

6.22 THEOREM. Assume a one-period model M = (so,sl,...,sk). Then a cc is

attainable iff
1

Xo = EQ [—X]
SO

T

have the same value across all EMMs Q ~ P

Notice no matter in a complete or incomplete market, the price associated to a
contingent claim are always equal across those EMMs as long as the market
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is arbitrage free. However for those that are not attainable, the price are not
unique (e.g. differ EMM generate different price).

6.23 THEOREM. (FTAP 2) An arbitrage-free market is complete iff there exists a
unique EMM to P.

The two FTAP can be summarised as the graph below.
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The proof in = does not make sense. The proof should based on the fact
that it works for all cc. However the proof takes only one specific X?

7 APPLICATION: PRICE THE EUROPEAN AND AMERICAN
STYLE OPTION

The model set up are exactly the same as introduced in the beginning of
chapter 6.

7.1 perINITION. A European-style contingent claim is a non-negative random
variable, Fr-measurable since the said contingent claim can only be exercised
at maturity, that is at time T.

7.2 DEFINITION. An American-style contingent claim, by contrast, can be rep-
resented as an F-adapted stochastic process X = {X; : t =0, 1,..., T} where X;
represents the contingent claim value at time ¢ if it is exercised at that time.

The holder of European option has no right to exercises until maturity
date T while American option holder can chose to exercise during the life time
of the option. Thus the time to exercise an American option is a stopping time.
The set of those stooping time is defined to be in a set

Ag={t:Q— T ={0,..., T} | tis a stopping time }

the subscript 0 indicates the set is about admissible exercising time when we
are at time 0. Now consider the following definition

T {Q} N TCard(Q) C RCard(Q)
Q) = [wlwr), -, Uwcard()]
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7. APPLICATION: PRICE THE EUROPEAN AND AMERICAN STYLE OPTION

The expression is not quite rigorous Need some proper definition from func-
tion space I believe. The logic is as follows. We may not know the exact rule
of a random time sequence (e.g. for example the time when the discounted
expected value maximized). However, since 7 is a finite set, then there are
also just finitely many possible results of those random time sequence which
is |7/°2rd(Q) Thus wee can narrow down our set of all random sequences to a
set of stopping time by checking the definition of stopping time.

7.3 ExaMPLE. Let’s consider an American-style contingent claim, a put option
with an 80-dollar strike price. The value of such a put at time ¢, if the put is

exercised, is
X, = max{so -sh, 0}

and its discounted value at time ¢, if again the put is exercised, is
Y, =X, = (1+7)"{80-8},0} = 1.115" max {80 - 5}, 0}

Once again, the filtration is determined by the price process of all asset. That
is, the ST_; process. The price process is given as follows. The price process is
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given and the values of the discounted process is given as follows.

SY(w) SY(w) S9(w) S(w)
o () () (S ) (S ) e

ol ) (o) (M) (5] o

o () () () () e
Lo (o) (57) (M) 0w

ol o) (o) (M57) (1) o

ol o) (") (M7 ) (M) o

w6(810) (1.;;5) (1.;}52) (1.16253) 0.063

o (o) [T ) (o ) (M) ooss
|

1 1.115 1.1152 1.1153
.027
80) ( 64 ) ( 51.20 ) ( 40.96 ) 0.0

Then the discounted price process Y; is

w YO Yl Y2 Y3
w3 0 0 0 0
wg 0 0 0 S =~ 11.5424
ws 0 9% =14.3498 0 0
we 0 % =~ 14.3498 0 #&3 ~11.5424
w7 0 i 143498 B3 ~231656 o5 = 11.5424
wg 0 iz =143498 B8 ~231656 2205 ~28.1634

Now define a random time process of interest (want to check if it’s a valid
stopping time) as “for each w, a time when the option value is the greatest”.
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7. APPLICATION: PRICE THE EUROPEAN AND AMERICAN STYLE OPTION

Then we find that

’

(W) =[t(w;), T(ws), T(ws), T(ws), T(ws), T(wg), T(w;), T(ws)]
=(3,3,3,3,1,1,2,3)

If we check that t = 2, then we find {w € Q : t(w) = 2} = {w;} & F, soitis not a
valid stopping time.

Now think in a way that the rule of a stopping time is not given. We
consider all the possible result, that is the co-domain of a T. Thus there will be

|T|Card(Q)

number of results. We can actually check whether each of them is a valid
stopping time or not in the same manner as above example. The definition of
T have to be revised. A is the set of VALID stopping time. The logic discussed
below is picking items from a space of all random time sequences.

Decision oN AMERICAN OpPTION EXERCISES

7.4 perFINITION. (Formulation of Snell’s problem) Let Y ={Y,: t=0,1,..., T}
be a stochastic process, F-adapted. For all t € {0, 1, ..., T}, we can define the
set of stopping times taking their values in the set {¢,..., T} :

Ay ={t:Q —{t,..., T} | tis a stopping time}

Note that A7 € Ap_; €... € Ay Make up a formal proof here. Logic is that
if we consider the A; as set of T under definition 7.2, then as t decreases, we
simply eliminated a column of S; so there’s less choice of each of the element
in the vector. Snell’s problem is as follows: can we determine a stopping time
T € A satisfying
E[Ye] = sup E[Y]

e/
In other words, we are looking to determine, for each of the w € (), the time
T'(w) when we should stop the stochastic process Y in order to maximize the
expected value of the random variable Y.

7.5 ExaMmpLE. Let’s assume that V¢ € {0,1,..., T}, %/ = {2, Q}. Under such
conditions, since Y; is F;— measurable, then Y; is constant, i.e. there exists a
real number y; for which

V(,O € Q, Yt((,l)) = yt

That is we can group all trajectory into one single path. In this case our
stopping time is also deterministic: Consider

Ao ={t9, 1,..., 71}
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(the T, is like the column vector in example 7.3) {w : T(w) = t} € F = {0, Q}
(e.g. Tis {0, Q}-measurable so can only take one constant value across w which
is T;(w) = t). Then this problem turns to be

= max t
y te{0,1,..., T} y

The procedure is as follows. The basic idea is to introduce an auxiliary se-
quence {z; : t =0,1,..., T} defined as

Z; = max
uelt,..,T) Yu

Note that this sequence is decreasing (actually non-increasing. There have
to exists some = otherwise otherwise the whole sequence is constant) (i.e.
Vtell,...,T},z; < z,_1) and

zy = max {Vy, 241}

Let’s set
t*=min{t €{0,1,..., T} | z; = v}

and let’s show that t* satisfies equation we want.

A GenEeraL Case  What we want is now just to build a correct form of de-
creasing sequence z; satisfying z, = max {y;, z;,1}.

Let’s set

g - Yr ift=T
"7 max({Y,E[Z;, | Al iftelo,...,T—1)

Interpretation. Z; represents, conditionally to the information available at
time ¢, the maximum between the discounted value of the option if it is
exercised at that time and its expected discounted value if it is exercised
subsequently, at a time judiciously chosen. Z; is thus the discounted value of
the American option at time f. Then there are 2 cases happens at each point
of time t:

{ Y;>E[Zi1 | Fi] = Z;=Y; = Exercises

Y;<E[Zi | Fi] = Z;#Y; = Don’t exercise

Notice, when we try to specify the atoms of F;, it is determined by the S
process which contains all possible assets. It is not determined by the process
of Yt'
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8. BROWNIAN MOTION

8 BROWNIAN MOTION

We starts by introducing the continuous time process. Consider a continuous
time process with the following properties:

* The value that the variable takes can change at any point in time and
from moment to moment.

* It can take any real number as value.

* The value have to change continuously with no jump (e.g. if considers
the process as a function of time then it is continuous in time).

e It takes value at random

No we will construct the continuous time process based on single period
binomial model. Consider on single period binomial model with

uS;_1 , upward price movement
St =
dst—l )

downward price movement

where 0 < d < 1 < u. Consider on a time line from 0 to t € Z and between
each 1 unit of time there are n times of price movements happened (e.g. in
total nt € Z time of movements). Also we assume:

(a) For each binomial movement, the upward and downward factors de-
pends on n and ¢ > 0, the volatility of price are the same over time
which are in form

un:1+\%
— o
dn_l—\M

(b) The risk neutral probability g =0.5and1-g=1-0.5=0.5

Then we define N, (w) and N;(w) as the number of upward and downward
movements over time [0, t] at a given state w. Thus the price at time ¢ is then

given by
N, (@) N (w)
o o
Sin(w) =S|l +— 1-—
) 0( vz) ( ﬁ)

The following theorem shows the asymptotic behaviour of the above price.

8.1 THEOREM. As n — oo, the distribution of S, ,, converges to
L,
Sunl) —a $10) = Soexp {oWi(w) - Lot}

where W;(w) is a normal random variable with mean zero and variance t.

Comments: The () can also be uncountable defined using Borel set. Now
in this case we only deal with finite Q).
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8.1. BROWNIAN MOTION

8.1 BrownNiaN MoTION

8.2 pEFINITION. A standard Brownian motion {W; : t > 0} is an adapted stochas-
tic process, built on a filtered probability space (Q, F, F, P) such that:

(a) Yo € Q Wy(w) = 0

(b) YO <ty<t; <...<t therandom variables Wy —W, , W, -W, ,..., W, —
W,,_, are independent (for any given w)

(c) Vs,t > 0 such that s < t, the random variable W; — W is normally
distributed with expectation 0 and variance t —si.e. W, — W, ~ N(0, t —s)

(d) Yw € Q, the path t - W;(w) is continuous (continuous in t)

In short, a Brownian motion is a stochastic process that is continuous in
time, starting with value 0, with independent and normally distributed
increments over time. The definition, cdf and pdf of normal r.v. is omitted.
Just remember that independence implies 0 covariance but not vice versa.
Also notice the BM is adapted to F by definition so W; is always F; measurable.
The reverse is true only if both random variables are normally distributed.
This is in short:

8.3 racT. Let X ~ N(O, G%) and Y ~ N(0, G%). Then

XLY < Cov(X,Y)=0

FiLtraTioNn The most often used filtration for Brownian motion is F =
{Fi:t >0}
Fi=0({W;:0<s<tjUN)

where N is the collection of 0 measure events. This is also the smallest
o—algebra for which the W : s € [0, t] are measurable (smallest since it is
exactly generated by the r.vs). What is the sigma algebra generated by a contin-
uous r.v? The sigma algebra still meet the following properties as in discrete
case:

* V0 < s <t, F; C F (as much information as there in the later earlier
time)

* (Adaptivity) For any t > 0, the Brownian motion W; is /; measurable
(the information at ¢ is sufficient to evaluate W; at time t).

* (Independence of future increment) V0 < t < u, the incremental W, - W,
is independent of 7; (any increment of the Brownian motion after ¢ is
independent of the information at time ¢).
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8. BROWNIAN MOTION

8.4 LemMA. Let {W, : t > 0} be a standard Brownian motion. Then
* Vs> 0,{W;,s — W, : t > 0} (time homogeneity)
o (=W, :t >0} (symmetry)

. {CW% it > 0} (time rescaling)

. {Wt* = tWilo: t > 0} (time inversion)
t
are also standard Brownian motions.
How to show the time inversion is also a standard BM?
Proof. Just show the time homo case. make up later O]
8.5 peEFINITION. (Martingale in continuous time) On the filtered probability

space (Q), F,F,P), where I is the filtration {F; : t > 0}, the stochastic process
M = {M; : t > 0} is a martingale in continuous time if

« Vt>0,EF [[M;]] < o0;
* ¥t >0, M; is F; - measurable;
e Vs, t>0s.t.s<tE[M;| %] =M,

Nothing different from discrete case since the ) is still finite.

8.6 THEOREM. The Brownian Motion is an Martingale process.

Proof. Easy to check the expectation of |W;| is finite. Also W; is F; measurable
by construction. The last property is checked as follows.

E"[W; | B] = ¥ [W, - W, + W, | ]
= EF [W, - W, | ]+ EF [W, | 7]
=BV [W, - W,] + W,
= W,

8.7 LEMMA. The Brownian Motion is a Markov process

Proof in slides Brownian motion page 15.
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8.1. BROWNIAN MOTION

8.8 racT. The path W(t) is nowhere differentiable.

Some good intuitions are here for non-differentiable.

8.9 DEFINITION. (Stopping time) Let ({2, ) be a measurable space equipped
with the filtration F = {F; : t > 0}. A stopping time T is a function of () into
[0, o] F -measurable such that

{weQ:1(w)<tle K

Intuitively, a stopping time tells at each given state w when to stop and also
given information until time t we should know whether to stop or not thus
have to be F; measurable.

Consider the first hitting time in continuous time process. It is a stopping
time as shown in discrete time case. It is defined as follows in continuous time
cases.

8.10 perINITION. Let a > 0. Let’s define
inf{s>0: = if {s>0: =
() = { inf{s >0: Wi(w) =a} if {s>0: W (w) Z} #

%)
) if {s>0:Wy(w)=4a}=0

the first time when Brownian motion W reaches point a. Shouldn’t we consider
a as an interval? W;(w) is a conts. r.v. how could it takes a single value?

8.11 LemMmA. The random variable T, is a stopping time.

Proof. Proof of the lemma. We must show that for all t > 0, the event {w € (3 : 1, < t}
belongs to the sigma-algebra F;. If Q represents the set of all rational numbers,

then
{weQ:t, <t}

{w € Q: sup Wi(w) > a}

0<s<t
= 1
:m{weﬂz sup Ws(w)>a——}
=1 0<s<t n
= 1
:ﬂ U {weQ:Wr(u))>a——}ef;
n=1reQN[0,t] "

F, therefore € %,

€F
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8. BROWNIAN MOTION

where the last equality is obtained from the fact that sup g<s<; Ws(w) > a — %1 if

and only if there exists at least one rational number r smaller than or equal to
t for which

1
W, (w)>a—-—
n

]

yet to go through.

8.12 LemMA. The stopping time 1, is finite almost surely, i.e.
Plt, =] =0

or equivlently
P({w: 1,(w) = 00}) =0

In short the above lemmas and definitions show the following facts:
* BM will eventually reach every real value a no matter how large a is.
* BM is recurrent. It visits each of its states infinite number of times.

The proof of the theorems and lemmas can be find in slides from pages 27 to
37.

8.2 MULTI-DIMENSIONAL BROwWNIAN MoOTION

8.13 perINITION. Standard Brownian motion W of dimension # is a family of
random vectors

.
W = {wt _ (wﬁ”,...,w}”))

> O}
where W), ... W represent independent Brownian motions built on the
filtered probability space (Q3, 7, F, P).

Standard BM consists of independent individual BMs. In practice they
are not independent. We usually use BM to model sources uncertainty of
asset price in financial market. Now we discuss techniques used to obtain a
dependent multi-dimensional BMs. To do so, we consider linear combinations
of those independent BMs.

8.141EMMA. Let] = (yi]-)i iel1,2, ) is a matrix of constants and W = (W(l), ey W(”))T

is a vector made up of independent Brownian motions. For all t, let’s set B; = T W;.
Then By is un random vector of dimension n, the ith component of which is
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8.2. MULTI-DIMENSIONAL BROWNIAN MOTION

wwA
[l
N

k
yikM ). Moreover
1

o . n
Cov BS‘I)' B(t]) tZYiijk
: S

n
Y YikVijk

k=1
oo ¢
VERE

The proof shown in class is unnecessary and tedious. In matrix notation, we
have

Cor B, B0 =

B, = E[T(W, - pw, )(W; = pw,)T")]
=TSy, I’ = {IT’
Just remember the fact that
W, = W, — Wy ~ N(0, 6% = 1)

Reversely, if we’ve already known a correlated multi-dimensional BM with
given correlation matrix p € R"" = (p;;), we can also restore the independent
BM guaranteed by the following theorem.

8.15 THEOREM. Let’s now assume that B, ... B represent correlated Brownian
motions, built on the filtered probability space (Q3, F, T, P) and that

Vi, je{l,...,n}and Vt > 0, Cor [B(ti), B(tj)] = 0ij
There exists a matrix A of format n x n such that
* B=AW
* Cor [B(ti), B(tj)] = Qij

* W is made of independent Brownian motions.

To compUTE MATRIX A Recall the fact that the correlation matrix and covari-
ance matrix are both symmetric and s.p.d. The above theorem tells:

¢ Since Each of the B() is a standard BM so

_ cov(B’,BY) _ Cov(B}’,B)

Pij = A
GB(t1) O‘BEJ) \/?\/E

then we have

= Cov(B,,B{) = tpij
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9. STOCHASTIC INTEGRAL

where p is the known correlation matrix.

* Then the theorem says B, = AW, then by basic algebra

ZBt = AEWtA/ = tAA,

In short now we have
Yg, =tAA = tp

Recall for a p.s.d matrix it admits the eigenvalue decomposition (spectral
decomposition if in addition symmetric). So we could decompose tp

T, = tp = tQAQ’ = [VIQA?|[VIQA'?] = tAA’

U

Thus

A=—U
Vit

9 STOCHASTIC INTEGRAL

Here we omitted the discussion about Riemann integral. The stochastic inte-
gral is aspired by the following eqation

t

I, = stdws

0

where the X; is the number of shares of an asset we are holding, dW; is the
incremental of a Brownian motion which roughly equivalent to the variation
of share price and thus the I; is the profit (or loss) during the horizon (0, t).

9.1 perINITION. (Basic Stochastic Process) We call X a basic stochastic process
if X admits the following representation:

Xi(w) = C(w)Tig,p)(t)

where a < b € R and C is a random variable, F,-measurable and square-
integrable, i.e. BY [Cz] < o0.
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In orther words

O
%=
@
-

It worth notice that the r.v. X; is actually F; measurable. Intuitively, consider
that at time a right after the price is revealed we by C(w) share of the asset
and hold is during (4, b] and then sell all of them at time b once the price is

revealed. Are we using the sigma algebra generated by the price process as
the filter?

9.2 pEFINITION. (Stochastic integral of basic process) The stochastic integral of
X with respect to the Brownian motion is defined as

t
ijsdws (w)

=C(w) (Wipp(w) = Wipg(w))

0 if0<t<a
={ Clw) (Wi(w)—W,(w)) ifa<t<b
Clw) (Wp(w) = W,(w)) if b<t.

t t
The quantity [f XdeS) (w)is ar.v. for any t and thus {{f XSdWS) (w):t> O}
0 0

is a stochastic process. The illustration is as follows.

Wt(w)'u X,ttw)

T (Q) (fVe‘é‘Q /Lﬂs)
< ¢

dw(w)

Aw) T s

2

*

9~ —

&

&

9 1 7:
I

where the left one shows the evolution of change in price. Notice the Brownian
motion models the change in price AP(w) not the price it self. Page 19 exercise.
Notice the above calculus result is the same as in RS integral taking the integral
w.r.t W;.
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9. STOCHASTIC INTEGRAL

9.3 LeMMA. If X is a basic stochastic process, then

t

JXSdWS:tZO

0
isa (Q, F,F,P)-martingale. Then by the martingale properties

t s

E undwu - :JXuqu

0 0

See proof in slides on page 22. Also The properties indicates a constant expec-
tation of the martingale which is

0
E[L] = E[L|5)] = T = fxsdws ~ 0
0

9.4 LEMMA. Lemma 2. If X and Y are basic processes, then for all t > 0,

t t t

E” JXSYSdWS = EF szdWs JYSdWS

0 0 0

Check the proof in slides.

9.5 pEFINITION. (Simple Stochastic process) We call X a simple stochastic
process if X is a finite sum of basic processes :

ZC ab]

9.6 perINITION. The stochastic integral of X with respect to the Brownian
motion is defined as the sum of the stochastic integrals of the basic processes
which constitute X :

JX AW, = ZJCM bl

110

Notice, in practice we compute the results of the integral, we take

C; = lim X;(w)

tt—a;

That is the left end point of X (or the right limit). This will be consistent
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with Ito’s integral for general stochastic process. Further more, the stochastic
integral of simple process doesn’t depend on representation (e.g. the choice of
basic process). The integral will give same result which is

n L m L
ZJ Ci]I(ai,bi](s)dWs = ZJ Cj]l(aj’?j](s)dws
i=17 =17

9.7 LeMMA. Lemma 3. If X is a simple stochastic process, then

t

JXSdWS:tZO
0

is a (Q, F,F,P)-martingale.

Proof is simple. The integral of basic process is martingale. Then the sum of
martingale process is also martingale.

9.8 LEMMA. (Ito’s isometry) If X is a simple process, then for all t > 0,

t t 2

EF Jdes = EF szdWs

0 0

Proof see appendix of slides. Using this we can compute the variance of the
process {I; : t > 0} which is

t
Var® szdWs
| 0
t

2 t

=EF X, dW, | |- (EF szdWs )?

o C

0
=0,Martingale
t t
—g* fods = fEP [x2] ds.
0 0

It is possible to extend this calculation to other processes X and to establish in
a similar manner a method to calculate the covariance between two stochastic
integrals (see the Appendix).
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9. STOCHASTIC INTEGRAL

GENERALIZATION OF ITO’S INTEGRAL FOR GENERAL STOCHASTIC PROCESS Purpose
is to extend the class of process for which the stochastic integral w.r.t Brownian
motion can be defined. We define a class of stochastic process consisting of
those can be approximated by simple process. The set-up of those process is
as follows.

Consider stochastic process X;, t > 0 that allows continuous variation over
time and also jumps (not restricted to simple process). We assume the follow-
ing conditions:

(a) {X;:t>0}is Fadapted
(b) For any T, the r.v. X; is square integrable which is

T

E J-X%dt < o0
0

Notice the basic and simple process satisfy this property as well.

T
Then to approximate the process I X2dW, we approximate X by simple pro-

0
cess. To construct such a process first divide [0, T] into n partitions [0, T] =

U?:‘(}(ti, ti+1]- Then we define the sequence
X =X, te (bt +1]
which gives a left continuous simple process. Then we could show YVt

lim x\" =X,

n—oo

where the distance measure for converges is in the following manner

n—o00

( (n) g
lim E J(xt —xt) dt|=0
0

Hence the stochastic integral is given by
t t
I, = st dw, = lim | X" dw, vt e[0,T]
n—oo

0 0

The followinig theorem is a summary of the above generalization.

9.9 THEOREM. YT > 0, assume X = {X; : t > 0} is a F;-measurable process built
on (w, F,F,P)s.t.

T
E JX%dt < 00
0
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Then the integral

I = | X.dW,

OHN

can be computed using

t t
It:szdWS: lim | X dw, vtelo,T]

n—o0

0 0

and 1; admits the following properties:
(a) Adaptivity: Vt, 1, is F;-measurable

(b) Linearity: 1; is linear in Xy which is
t t t

J X, + Yo dW, = J X dW, + Jstws

0 0 0

where both X and Y must hold for square integrable
(c) Martingale: 1, is a Martingale

(d) Ito isometry:
t

t
EF JX?ds = EF stdws
0 0

9.10 exampLE. Now consider the Brownian motion and we would like to
compute its integral. We assume the Brownian motion is square integrable
(How to show this?). Then we using a eimple process to approximate W and
eventually we arrive at the follwoing conclusion:

9.11 ract. Let W, be a standard Brownian motion. By using the simple process
to approximate W; we get

T
1., 1
It = J.WSdWS = EWT —ET
0

where the 1/2 T is called the Ito correction computed using quadratic
variation. Notice using RS integral the result is simply
T
T
1 1
dx = =x?
fx X=X
0

)
_2x

0
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10. STOCHASTIC DIFFERENTIAL EQUATION

there’s no correction. The detail computation process see written lecture note
9 page 11 - 13. Make up later.

10 STOCHASTIC DIFFERENTIAL EQUATION

Recall that the evolution of a deterministic process through time can be
described using ODE while if the process is stochastic we need to introduce
SDE. To compare for example

dX(t) = p(t, X(1))dt
dX (1) = p(t, X(£))dt + oft, X(£))dW,

where the part involves W; is stochastic Brownian motion.

10.1 ConNVERGENCE REVIEW
Recall X =Y a.s./with probability 1/ a.everywhere means

P(we Q: X(w) = Y(w)) =0
this is equivalent to

JACQst.PA)=1, Ywe A X(w) = Y(w)
In our context we well dealing with the following zero-measure set
N={BeF: PB)=0}C K

which is the collection of zero-measure events. The following lemma is useful.

10.1 LemMA. Let X =Y almost surely and X is F; measurable. Then Y is also F;
measurable

Finally we will work on the filtration IF

IF::{f;,tZO:}}:G(WS:se[O,t])UN}

10.2 ScaLep RANDOM WALK (S.R.W)

10.2 periniTION. Consider time horizon [0, T] divided evenly into n sub-
intervals with length At = T/n. Then the s.r.w process is

Wi = Wiy + VAtZy, Zy ~iiq Bernoulli((1,-1),p=1/2) k=1,2,---,n

Properties for s.r.w easy to shows:
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10.3. SHORT REVIEW OF ODE

(a) The process is equivalent to

k
Wi = Wy + Z\/Atzj
j=1

(b) Wi has 0 expectation and variance nAt = T. Notice that
Wo =4 0

so it has 0 variance.

(c) It has similar properties as Brownian motion which is for any disjoint
intervals (u,v) N (s, t) =0

W, - W, L W, - W,
and thus covariance of the difference is 0. Further more

E(W; - W;) =0
Var(W; — W;) = t — sshouldn’t it be(t — s)At

(d) By central limit theorem we have

WZ\/_Z

L

n

Y Z
:\/Tln n—\/_[ ]—>d\/_zz N(0, 1)

recall that converges in distribution here means

r}l_)ngoﬂ”(% < z) = d(z)

so more generally random walk involves sum of i.i.d random variables
not necessarily Bernoulli r.v..

10.3 SsorT REVIEW OF ODE

Consider f(t) to be the price of an asset. Let the behaviour of the price follows
f(t+At) = f(t) = pAtf(1)
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10. STOCHASTIC DIFFERENTIAL EQUATION

Why this assumption make sense? The variation over [¢, t + A] should be bigger
if the interval is longer and also, the higher the price at time ¢ the wilder the
price can vary. So it make sence. Then by taking the limit A — 0 we have

fuy
7

Then solve if we have

t t

[ fmrends= [ s — £ = e

0 0

eventually given initial condition f(0) = f; we can solve for ¢ and then the
whole f(x) is known. In short, since the process is deterministic in time ¢, so
once we modeled the infinitesimal behaviour, we will be able to determine
the price at any time.

10.4 STOCHASTIC DIFFERENTIAL EQUATION

Approaching SED via ODE. Now we consider that there can be some unpre-
dictable random components of the price. Besides the deterministic trend, we
added a stochastic components so the process becomes

Strar — St = uS;At + 05, VALE,

The stochastic part is kind of an analogy of its deterministic counterpart: the
random change is proportional to price S; at the beginning with constant o
while the difference is that the ”variance” part is not as deterministic as VAt
but a r.v. &; instead. We assume that

E~iia N(0,1), & L{S,:uel0,t]}

The independence actually stress on that fact that utilizing information till t
inclusive (e.g. the observed price of S till t), ; is not predictable. Notice S; is
JF; measurable. If the above process is satisfied we mean that

Pr[{we Q1 Spp(w) = Si(w) = pSy(@)At + oS, (W) VALE(w)}] = 1

CONDITIONAL MEAN AND VAR Consider the random part only. We have
E[0S,VALE, | 0(S, : u € {0,At,..., t}] = 08, VAIE [&]
=0
B [(ost\/Eat)2 16(S, : u e {0,AL..., t}}] - ?S2A1E[€]]
= 0%S?At
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10.5. ITO’S LEMMA

Prove is kindergarten level but remember if X; is ; measurable then any real
valued function f(X;) is ; measurable. So the higher the At or o the more
dispersed the stochastic value around its conditional mean.

Consider a scaled random walk with incremental Zy, Z; ~ N(0,1) (e.g.
Wi = Wi_1 + Z;) Then we can rewrite the process as

Strar — Sy = uS;At + 05, VALE,

Instead of considering random walk as shown in the written notes. Consider
that the most important property we have to keep with the & is that it is
independent of {S, : u € [0, t]}. Recall VAtE, ~ N(0, At) then we rewrite it by
a Brownian Motion

Stiat — St = uSiAt + 0S; (Wear — Wy)

where the increment has exactly the same distribution and properties as £ and
also notice the whole process is then F;, ;-measurable. Finally the SDE we
obtained becomes

dS; = pS;dt + 6S;dW;

This SDE fit a more general form
dXt = b(Xt, t)dt + a(Xt, t)th (*)

where b(X;, t) is called the drift coefficient and the a(X;, t) is called the diffusion
coefficient. Further more, recall that the BM W, is not differentiable. So what
we mean by (+) is actually the integral form

t t t

jdXs = f b(X,, s)ds +Ja(XS,5)dW5

0 0 0
~—— —_——
X —Xo stochastic integral

The solution to an SDE is a stochastic process while for ODE is a deterministic
process. To solve for SDE, we have to use Ito’s lemma.

10.5 Iro’s LEMMma

Ito’s lemma is the counterpart of fundamental theorem of calculus in stochastic
calculus. Ito’s lemma has different manifestation. Several of them are shown
below. Ito’s lemma eventually provides us with a SED that is satisfied by the
given function f(W;).

10.3 THEOREM. (Ito’s lemma 1st version) Let W be a Brownian motion built on the
filtered probability space (Q), F,F,P) and let f : R — R be a function, the first two
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derivatives of which exist and are continuous. Then VO <t < T,

2
f<wt>—f<wo>P‘é'5'fj£ W) dW, + f;”;( ) ds

0 0
In its differential form, equation (8) is written

1d2f

af W) = 45wy aw, +

which is the SDE that f(W;) satisfies.

Example see page 32 of slide 11.

10.4 tTHEOREM. (Ito’s lemma 2nd version) Let W be a Brownian motion built on
the filtered probability space (Q, F,F,P) and let f : R x [0, 00) — R be a function,
the first and second partial derivatives of which exist and are continuous. Then
YO<t<T

f (Wi, t) = f (W, 0)

t
2
f
0

t

s
ja (W, s)d
0

In its differential form, we have

df(Wt:t):(a—f(Wt: )+—82—f(Wt,t) dt +

0
at 28 2 _f(Wtf t) th

Jw

No matter for which type of solution, remember there’s a 1/2 multiplied
by the second derivative of f(W;,, t)

10.5 exampLE. (Black Scholes model) Consider the risky asset price to be

52
S; =Sgexp [(p - ?) t+ th]

so S; = f(W;, t) where W; is a Brownian Motion. Using Ito’s lemma, the SDE
that S; satisfies easy to find. We directly looking for the differential form and
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then restore the correct integral form which are

dst = Plstdt + GStth

t t
S; =S¢+ f nS,dn + f 0S,dW,,
0 0

which is the SDE solved by S;. Some comments:

* Since W; ~ N(0, t) then

o’ o’
(]/L— 7)t+0‘Wt ~ N((p— T)t,o'zt)

and thus S; is log-normally distributed. Again, take logarithm of a log-
normal r.v. lead to a normal r.v. so inversely take exponential of a normal
r.v. lead to a log-normal r.v.

* The part Sy is no doubt a stochastic component (e.g. Sy = Sp(w) de-
pending on the states of the world. Further more we can compute the
expectation and variance of S; which are

E[S;]=E {soe(“_aj)tmwt}

_ e sy e Gad

o2
_ e(V‘T)tE [SO] 60*0+%t02 — e”tE[SO]

The 3rd equality is due to the fact about the moment generating function
of a normal random variable: If X ~ N(m, v), then

M;(X)=E [exp(mt + %vtz)]

Similarly we can check that

E(X}) = B[S]]e?e”™!, Var(S,) = B[S}] e e™! — B[Sy)? M
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10. STOCHASTIC DIFFERENTIAL EQUATION

10.6 perFINITION. (It0’s process) An Itd process is defined to be a process X =
{X;: 0 <t < T} taking its values in R such that:

Xy =Xo+ J Kds + f HdW;

where K={K;:0<t<T}and H={H,;: 0 <t < T}are processes adapted to

the filtration { %}, satisfying P

T
J|K5|ds<oo}:landﬂ”
0

T
[ H? ds < oo} =1
0

10.7 periniTION. (Total variation of a stoc. process) Let [0, T] be partitioned
into = {ty =0, ty,---, t, = T}. Define the norm of a partition m as

|| = max {tp — t_
||| k:l,---,n{k k—1}

which is the length of the largest interval. Then the total variation of a stochas-
tic process X = {X; : t > 0} is defined as

n

TV>T( = lim

lIrd|—0

)(tk - )(tk—l

k=1

The total variation is the limit of the sum of increment. It can be viewed as the
length of a sample path {X;(w) < t € [0, T]}. It can also be view as the measure
of differentiability: for example, if the function f(t) is differentiable then its
total variation is finite since

TV{_ lim Zlftk ftkl

lImd|—

n
= lim ) 1 fi(tea =)
Z||— =1 N —

Atk>0
= lim
0 £=
n
< lim sup |f;+| Aty = lim sup | f | ZAtk < +o0
Il =0 = ¢ k ITdl—0 ¢, k=
i=1 k=1
~———
=T

the supreme of ft’k is finite since f is differentiable.
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